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THE present communication has two objects. Its subject matter is an attempt to
obtain some knowledge of the series relations in the spectra of the group of the
monatomic rare gases Ne to RaEm, whilst the methods employed will serve to
illustrate the fundamental importance as instruments for further research of the new
facts brought to light in the previous communications.* The importance of the first
object will be generally acknowledged, but it does not yet seem to be realised how
definite and exact those new relationships are, even in their as yet undeveloped form,
and how powerful an instrument is placed in our hands for the analysis of spectra.
It may be well therefore to commence by a brief résumé of some of these laws as
applied in the succeeding pages. Further, as the establishment of the results
obtained must by its nature depend on the numerical comparison of a very large
number of lines in all five spectra, and as this evidence must be fully set out to

* « A Critical Study of Spectral Series,” Part I., ¢ Phil. Trans.,’ A, vol. 210, p. 57.

” ” ” Part II. -, ' 212, p. 33.
” ' ’ Part II1. ’ ’ 213, p. 323.
Part IV. ” ' 217, p. 361.

b2 2 3

These will be referred to respectively as [L.], [IL], [TIL], [TV.].
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‘enable a specialist judgment to be formed on it, the communication has unfortunately
become very lengthy. The mass of detail will perhaps be rather dreary to the
general reader not specially interested in this line of study. It is apt also to hide by
its amount and complexity the general conclusions arrived at. I propose therefore to
give a slight general survey of these conclusions before giving the evidence.

As is well known the wave-numbers of series lines depend on four types of
sequences p (m), s(m), d (m), f(m), and that in any one series they depend on the
differences between one sequent of one type and the successive terms of the sequence
of another type. These sequences are all of the form N/{¢(m)}’, where N is
RYDBERG'S constant and ¢ (m,) is of the form m +fraction, the fraction being, as a rule,
determinable as a decimal to six significant figures. Our aim is to discover the
properties of these functions. The fractional part depends in some way on the order
m, although whether it can be considered a definite function of m in the ordinary
sense is doubtful.®* This fractional part will be referred to as the mantissa, and in
dealing with it, it will be regarded as multiplied by 10° ze., as if the decimal point
were removed.

The Oun.—It is foundt that in each element a constant quantity particular to each
element plays a fundamental part in the constitution of the sequences. This is called
the oun. The d and f sequences depend in definite ways on multiples of this
quantity, whilst it also enters into the constitution of the p and s. Its determination
is therefore for each element a matter of the first importance. Denoting its value by
3, the quantity & = 44, is of such frequent recurrence that it is useful to treat it as
one datum. The oun is accurately proportional to the square of the atomic weight,
and is given by ¢ = (361°8+°1) (w/100)?, where w denotes the atomic weight.

In the case of doublet or triplet series, the corresponding separations between them
are due to different limits whose mantissee differ by amounts A or Aj, A, (say). In
all cases these are found to be integral multiples of the oun. For triplets A, : 4; is
always somewhat greater than 2.

In the case of D series where satellites occur, the separations of the latter are due
to differences in their d sequences. The mantissee of these latter again differ by
quantities which are multiples of the oun, and in the case of triplets they appear in
normal types to be very close to the ratio 5 : 8.

The d Sequence.—In the normal type the sequent of the extreme satellite has its
mantissa a multiple of A, The only known exceptions are found in Sr, Cd which
show the multiple law, Sr in d,;, and Cd in d;, instead of in dy;, In both these cases
also the Zeeman pattern is abnormal. As the main lines D,, (and in triplets D,, also)
have their mantissee greater than that of the outer satellite by multiples of the oun,
it follows that all the d saquences for the first order have mantissee multiples of the
oun. It is probable that this is true for all orders of m, but the data are not

* ¢ Astro. J.,” 44, p. 229, see also [IIL, p. 339].
© 1 [II1.], also ¢ Proc. R. S.,” A, 91 (1915).
342
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sufficiently accurate to prove this, although they obey the rule within error limits.
[IIL., p. 840.]

The f Sequence.—This sequent of the first order also has the multiple of A, The
material at disposal is not so comprehensive as in the case of the D series, for, except
in the second group of the periodic table, the I lines occur chiefly in the ultra-red.
The proof of the above statement is perhaps, therefore, not so conclusive as in the
case of the d sequence. It completely stands the test however in the rare gases.
There seems some evidence that F series also show a satellite effect in a small degree
—of one or two ouns. In the second group it seems to be a general rule that in
many of the low orders (m = 1, 2...) the f sequents receive very large displacements
from their normal value, so that a normal line is much weaker or is altogether absent
and replaced by others separated from it by considerable numbers. This also is found
to be the rule in the present case.

Displacement.—Regarding the ordinary doubtlet or triplet series we may consider
the second (or third) as displaced from the first by the deduction of a certain
number of ouns from the mantissa of the limit; or better perhaps regard the last
satellite set as the fundamental one and the others as displaced by the addition
of ouns. When such displacements occur in the limit of one line the new one is
indicated by writing the displacement on the left. Thus 8,(m) = (—A,)8,(m) or
S, (m) = (A}) S, (m) = (A +A4,)S,(m). With satellites, on the other hand, the similar
effect is produced in the sequence terms. In this case it is entered on the right.
Thus Dy, (m) = Dy, (m) (=28,) or Dy (m) = Dy (m) (xd,); Dy (m) = (—=A4,) Dy (m)
= (—4A,) Dy, (m) (—28,). Displacements of both kinds are very common in spark
spectra and put themselves specially in evidence in the succeeding pages. A normal
line may not only show lines displaced from it, but often it appears to be replaced by
them, and, in general, when it does not disappear its intensity is abnormally low.
This is practically what happens in the D satellites. The Dy, D, Dy, appear to be
the normal lines in which we should expect descending order of intensity ; but most
of the energy (or the majority of the emitting centres) appears carried over to the
more intense and displaced set D, Dy, ; and, again, most of what should be expected
in D,, 1s carried over to become the strongest line D). Frequently the Dy, line has
disappeared and only the fragment D, D,, of the triplet left. In general, the D,
lines of any element are the strongest of the series. But in the present vacuum tube
spectra (spark type) we shall find very frequently that the line required for D, is
comparatively weak, and in this case there appear other lines related to it by oun
displacements chiefly in the limit. As the real existence of these displaced series is a
matter of some importance considerable space has been given in the discussion of the
X spectrum (p. 899) to its demonstration in the case of two series depending on the
limits (+28,) D (). It seems a peculiarity of these displacement series that a term
of one series may be absent but appear in another. Thus (—28:) D (m) may not be
observed, but a (+28,) D (m) may be and vice versd. The presence of a similar effect
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in the sequent terms of I series has been referred to above. One good illustration of
double displacements fully established is found in the KrS series (p. 349), in which the
indications are shown for m = 1, 2, 3. A knowledge of the laws governing displace-
ments is much to be desired. Very little is known at present.

Linkages.—Are spectra are distinguished, as a.rule, by the presence of well-defined
series, depending on single groups of P.S.D.F. type. In spark and vacuum tube
spectra, however, these seem to be weakened, and a very large number of other lines
appear which are related to one another by certain constant separations (links) to
form congeries of linkages each connected to a series line. These links can be
calculated when the values of A, or of A, A,, are known. The evidence for these was
given in [IV.]. There appear to be links of several types. Those already discussed
are of two types: (1) separations between successive double displacements of A; on .
either side of S,( ) or p,(1); (2) displacements of A, on either side of P (o) or
s(1). Of these, use is confined almost entirely in the present communication to one

only of type (1) and both of type (2). They are
e = (=24,) p,(1)—(24,) p, (1),

= (—8A))8,(®)—(A,) S, (=),

or

w=s(1)=(A)s(1),  v=(=a)s()=s(1).

These links themselves may also be subject to small displacements by having their
sources on, say, («d,) S, () instead of S;( ). For the present purpose, however,
no use can be made of these. '

In [IV.] the prevalence of these separations in a spectrum in excess of their
occurrence from mere chance was exhibited in a series of curves with abscisse
= separation and ordinates = number of occurrences within a given small amount
on each side. Such occurrency curves are also given here for the e links and for the
u, v of Kr in Plate 2. The e links seem to be a normal accompaniment to series lines
(often displaced, however, when directly attached to those of low order). A further
peculiarity of these linkages is the prevalence of the combination e+ wu, or e+ w.
They are indicated by writing the letter denoting the link to the left of the line
when deducted and to .the right when added. Thus, in the example below,
44236 = e.47419, or 47419 = 44236.e.

Sounding.—In the following pages the unravelling of the complete series of
linkages has not been touched upon, but the e, u, v links have been used for testing
the existence of lines outside the observed region, a method we may call sounding.
A link thus used may be referred to as a sounder. In this way it is possible to
obtain evidence of the existence, or of the exact value, of a calculated line which
lies beyond the region observed. It may even serve as evidence for the real existence
of a line in the observed region too weak to have been observed, for it was shown
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in [IV.] that the e link appeared to have a tendency to increase the intensity of one
of the two lines to which it was attached. - The method may be illustrated by an
example from KrS. In Kr, e = 8183'85. The value of S, (5) as calculated from the
formula is 47419°89, which is in the ultra-violet outside the observed region. But
47419'89—e = 44236°04. This is within the observed region, and as a fact the
corresponding line is found at 44237°61 with dx = —'08 if e is free from error. As
an individual case this might be due to a coincidence, but when the same effect occurs
with line after line the cumulative effect becomes convincing. To see this it is
necessary to get at a glance a survey of all the cases, and for this purpose they are
exhibited in sets of diagrams in Plate 3. These diagrams also include links within
the observed region in order to show that where the method can be tested it holds.
It may be specially noted how the similar arrangement of sounders holds for the same
order in the three lines of the same triplet, and how in certain cases the %, v seem
alternative. Qf. for example XS (1, 3, 4, 7, 8), or the main lines of the three parallel
D sets in X, viz. (28,) Dy, Dy, (—28,) Dy, or particularly the prevalence of the
—(e+v) combinations in the unobserved lines for KrD. In RaEm these links are
too large to be of wide application and in Ne too small to be of use. In RaEm
the e link is 23678 and can reach from the unobserved ultra-red across to the
unobserved ultra-violet. In Ne the e link is 196, so that its reach is too small to be
useful. As this method of sounding is new and clearly of importance if substantiated,
considerable attention has been given to its illustration, but as the details themselves
are only necessary for a critical study they have been printed in smaller type and
may be omitted on a first reading.

Abnormal D triplet Separations.—It has generally been held since RyDBERG’S
discovery of the satellite systems that the triplet separations for the D and 8 series
are the same. The actual measures did not absolutely prove this, in fact, they
indicated small differences, but the accuracy was not sufficient to establish a real
difference especially as against a natural bias to expect equality. MErGeERS,* however,
has recently placed it beyond doubt that frequently the separations are really
different. In Group I, for instance, the separations as measured from D lines are
less than those determined from S lines. In the rare gases also this difference appears
quite decisively, but here (group 0) the separations as determined from the D lines
are, in general, larger than those from S. The key to the explanation is found in the
fact that the difference between the two determinations diminishes with increasing
order—in other words, that the sequent in the same set of satellites is not the same,
and that in a large number of cases the value of »,+v, is the same in both S and D
although », », themselves are different. It is found to be completely explained by
the displacement of one or two ouns between the sequents of the first or second
members of a triplet. Sometimes it occurs in the third member. The same explana-
tion accounts for the fact that the F separations are frequently smaller than the

‘ * ¢ Bur. Stand.,” Washington, No. 312 (1918).
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corresponding observed satellite separations. It also accounts for the appearance of
F satellites as shown here and in [III., pp. 889-895] in connection with the F lines
in the alkaline earths. The matter is considered in detail for Kr (p. 368) and is found
to hold for the cases of the other rare gases.

The Atomic Weight.—It is clear that an accurate knowledge of a first f sequent,
or of a d sequent which belongs to the satellite involving the A, multiple,
gives the means of determining the oun to in general a unit in the sixth significant
figure. For these mantisse are usually of the order of magnitude of 0'8 and are
known to six figures. Hence, if the multiple is known, A, can itself be determined,
and since A, is a known multiple of the oun (determined by the S multiplet
separations), the oun is also known to the same degree of accuracy. Further, as the
sources of determining it are often quite independent they serve as tests of the
determinativeness of the oun itself to the same degree of accuracy. When A, is
considerable, its value is known sufficiently well for it to determine the multiple,
and then this exact integer conversely gives the exact value of A,. In the cases of
A and Ne, however, the values of A, are too small to determine uniquely this multiple
directly. The difficulty, however, is surmounted by obtaining successively values
with increasing accuracy from other considerations until the final test can be applied.
As a fact the Ne oun is amongst the most accurate found. Its determination (p. 461)
is specially interesting, and indeed is only possible because the material at disposal
depends on interferential measures and large accurately known separations. That
of X also is a good determination, and is interesting as depending on a number of
quite independent data.

As the oun is proportional to the square of the atomic weight within the limits of
error of determination of the latter, it is natural to assume that the relation is exact
and that ¢ = g.w?, where q is a number between 861°8+1. If this were sustained it
would be possible to obtain w with twice the degree of accuracy of the oun and
therefore far in advance of any obtainable by chemical methods. In fact the question
is raised as to what is actually understood by the atomic weight. Does it refer to
the mass of the positive nucleus, or to that and all or a portion of the electrons ?
The hope might even be entertained of obtaining by this method some knowledge of
the number of electrons partaking in the emission of a line if slight changes in the
oun could be found. For instance, we shall find in these spectra not a single group
of S, D, or F series as in arc spectra, but several independent groups, viz., d and f
‘sequents, depending on different multiples of A, If these gave slightly different
values of the oun it could be explained by a transference of electrons. There is little
evidence of such variation, but it might occur, for instance, in the oun as deduced
respectively from A, and A, As A, depends alone on the measurement of the »
separation of a triplet it is not susceptible of such exact determination as A,, and, as
a fact, a suspicion sometimes arises that such a slight difference may exist, and that
d from v, is somewhat less than from », [IIL., p. 338] as also here.
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Suppose the atomic weight is W and the number of electrons involved is «W.

Then the oun is given by

— foye — 8 (1 X
8, = q(W+aW/1850)* = 8«)<1+ 925>.

If another value depends on y electrons

— Y
=51+ 5L),

Sx_‘;y = @
7= 925 T

whence

x—y = 925

which gives the transference. At present these considerations are only of speculative
interest, but a numerical illustration is given below (p. 381) in connection with Kr.
The results obtained in this investigation have given the oun with much greater
exactness than any value obtained in [IIL], even than that of Ag. The value of
q = 3/w?® has been determined [IIL., p. 404] as near 36175 with Ag = 107'88. 1 now
believe from later work that the true value is closer to this than I thought at that
time, but in any case it is far less accurate than the ouns themselves. While,
therefore, we can use the ouns to give extremely accurate values of the ratios of the
atomic weight of the gases, the actual values in terms of Ag are not so exact,
although more accurate than those obtained by chemical means. This statement of
course depends on the supposition of the exact proportionality of oun and square of

atomic weight.
The values of ¢ as obtained later are here collected and the atomic weight deduced

from them by taking ¢ = 361°75.

Ne. A. Kr. X. RaEm,
8 . . . 1474708+ -0006; 57:-9209+ -002; 249:536+ -004; 611-0100+ -0017; 1787-024 + 05
W. . . 20-0005+ +0004; 40-0141 + -0006'; 83-0543+0006; 129-963 + -00018; 222-259+ -003
Chemical . 202 . 3988 8292 130-2 222 to 222-4

It will be seen that in all cases the spectral determinations are much closer to
integral values than the chemical, except in the case of RaEm as estimated from
Hontescamipr’s value for Ra. 1In this case, however, the spectral material is
defective. It is shown from one of the criteria that a value of the oun = 178523 is
just possible but improbable, or = 1783'38 almost impossible. These would give
respectively w = 222°148 + and 222'033+. It is curious also that from the defective
observational work for Ra [III., p. 827 ] the value of J from »+v, = 254096 = 1874,
whence w = 22643 is also greater than HoNIGscHMIDT'S and more in accordance with
the value obtained by Mme. Curie. The value for the Emanation is, however, much
more reliable than the above for Ra. If, regarded as a whole, the deviations from the
chemical values (RaFm excepted) are greater than chemists will allow possible, it
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would seem that in this case we are not dea,ling with precisely the same entity in the
two cases.

Special F Series.—There appears to be a remarkably stable triplet series of the F
type apparent in most of the gases, but more especially evident in X, in which
element it was first noticed. Not only are the lines strong and present in a large
‘number of orders, but they appear, at least in X, to be little susceptible to displace-
ments such as are common in other types. The separations are 1864, 829. The
occurrency curve for 1864 is shown in Plate 2, fig. 3. In this, in strong contrast to
other such curves, it rises to a very high single peak and is practically symmetrical.
on both sides of the peak. The similar curve for A is shown in Plate 2, fig. 5.

Summation Series.—In the investigation of this XF series a quite new type of
series was brought to light. The hitherto recognised series appear as the differences
of two terms A—B. The new one has its wave-numbers of the form A+B. In other
words, where the old series are difference frequencies the new ones are the corre-
sponding summation frequencies. The notation adopted is to write the corresponding
terms 1n Clarendon type. Thus

F(m) = A—f(m), F(m) = A+f(m).

The list of the lines in X is given on p. 385 up to m = 30. For low orders, m < 3,
the lines are in the ultra-violet and have to be sounded for. Similar summation
series coupled with other F series are also common. It probably explains also the
crowding of F separations in spectra like that of Cu in short wave regions far beyond
the F limit which has always appealed to me as a difficulty. It is possible that
summation series may also exist for the P.S.D. series in all elements, but, as a rule,
the limits of these are far larger than the F (o), with the consequence that any
P.S.D. lines must lie very far in the ultra-violet, a fact which explains why such types
if existing have not hitherto been recognised. The existence of these summation
series is thoroughly established and their importance as bearing on theories of the
origin of spectral lines is evident. They would seem difficult to explain on any of the
current theories. But apart from this the existence of the type is of great value for
quantitative determinations. This is fully dealt with on p. 884 and it need not be
recapitulated here. Its importance for this purpose may be realised when it is seen
that it forms the starting point in the analysis of the RaEm spectrum, that it settles
in a quite definite way a difficulty arising in the evaluation of the oun in Kr, and
that it fixes a very accurate value for the limit of the 1864 serles in X, thus
simultaneously fixing a particular d sequent subject only to observation error in one
line. :

Groups of D and 8 Series.—Not only do we meet with different groups of D series
depending on different multiples of A,* but in the case of Kr there appear to be two

* As an example, see p. 403, in X with groups depending on 704, and 794,.
VOL. CCXX.—A. 3 B
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sets of lines suitable for S;—in other words, there are quadruplets. Whilst the two
sets N, S, give different separations with S,, and consequently different A'), A,, they
givé the same oun, and in connection with them appear two D groups whose outside
satellites depend one on a multiple of A’, and the other on a multiple of A,. It is to
be suspected that this is only one example of what may be a common occurrence in
spark spectra. '
The order of presentation is generally that in Whlch the investigation was taken.
The key was found in obtaining the KrS system, a result first rendered possible by
the publication of wave-lengths in the ultra-violet by Luwis (1915). Amongst them
the KrS (1) triplet was found. XS, AS come next in order of definiteness. The
spectra of RalEm and Ne are more difficult to deal with, the first because of its
defectiveness in range, number of lines, and accuracy, and the latter because of the
smallness of its oun and its triplet separations. After the S series of Kr, X, A come
the D and F series of Kr, X, the spectrum of RaEm, the D and F for A, and, lastly,
the whole sets for Ne. Led by possibly a false analogy to He [I., p. 105], in which
doublet series appear in the blue spectrum, the blue spectra were chosen for investi-
gation, and the family group being of even order triplets were looked for. In Ne,
with a single spectrum of composite character, the results obtained may have some
reference to the red type as well as the blue, especially in connection with certain
remarkable constant separations found by WarsoN and analogous to the RypBERG
constant separations in the red spectrum of A. One is inclined to think that these
red spectra consist mainly of lines of the F type. But the red or first spectra are
outside the. scope of the present communication. Although it is a very lengthy one
as it stands only the beginning of an analysis has been made. The aim has been to
“lay the foundation for the series framework of this family of elements, and little
beyond has been done. The linkages, as a whole, have not been isolated, the red
spectra not touched upon, and many interesting effects which will require clearing up
are passed over without reference. A great field for investigation is open in these
and other spectra for any who are willing to give the necessary time and patience.
In some few cases the presentation might have been slightly shortened by merely
stating the final result and showing how the necessary conditions are satisfied. But
not only would this have passed over certain phenomena of special interest, but
one of the objects of the present communication would have been missed, viz., to
illustrate the power of the new facts to guide a search even when the details
are most bewildering. ~Moreover, the evidence itself is the more striking when
developed from step to step than when the result is dlrectly presented as a finished
product
Krypton.—Krypton shows two spectra, without and with capacity, the former in
the red region and the latter further towards the blue. We have measures of some
of the stronger lines by RuncEk, and a considerable number of weaker lines, not
observed by others, by Livemne and DEwAR, although the latter are only given to
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the nearest Angstrom. The most complete and reliable sets of measurements are by
Bary* (red spectrum 6456—38502 ; blue 5871—2418), and Lewist (blue 2416—2145),
both of about the same degree of accuracy with probable error in the neighbourhood
of 08 A. Of exact measures there are only two by FABRY and Buisson] for lines
at 5870.9172, 5570.2908 I.LA. In the red spectrum RUNGE has pointed out constant
separations of 945, to which PAurson§ has added three others. The observations of
Lewis gave me the first clue to the KrS set of lines and thus formed the starting
point for the present communication, although a great deal of preliminary discussion
of material for this group of elements had been previously done, especially in
connection with the separations for certain linkages. In the case of Kr a very
large number of separations in the neighbourhood of 786 to 788 had been found,
connected also with others of 809, indicating groups of triplets having these values
for », v, Amongst Lewis' lines a set was found with separations in the reverse
order, clearly pointing to a first set of —S (1) or +P (1) lines and corresponding sets
for other orders were then easily found. It would seem that there are always a
considerable number of separations governed by oun displacements in the limits of the
first order, and that of these, three seem to be of a more stable value and correspond
to normal triplets. For instance, in all these gases we find a very large number of
cases where a S, or D, line is followed by a line with a separation very close to $u,.
They force themselves on attention on account of their value being so close to the
half of a number being sought for, and others may be present although they have
not been looked for. In the present case two alternative sets of lines for the
S, series, one with », = 309 and the other with », = 841 appear. In the original
search the former was taken because it is reproduced in the D series as well. But
later certain difficulties in the determination of the oun, combined with the fact that
the corresponding oun multiple in A,, although quite definite, is out of step with the
march of their values in the other gases, led me to include the second. This gives
a multiple quite in step with the others, and also affords the means of obtaining
a good approximation to the oun.

The lines are given in the following table, which also embrace a few obtained by
sounding, both wave-lengths and wave-numbers are given :—

* ¢Trans. Roy. Soc.,” A, vol. 202, p. 183 (1903).
T ¢Astro. Journ.,” 43, p. 67 (1915).
1 ¢C.R.,’ March 25 (1913).
§ ¢Kong. Fys. Sills. Hand.,” N.F. 25, Nr. 12.
3 B 2



346 DR. W. M: HICKS: A CRITICAL STUDY OF SPECTRAL SERIES.

KrS.
S Ss. ‘ S's. Ss.
1. —(10)2353-95 ~ (10) 239838 —(3)2416°31 (-1)2418°134
4246898 786°52 4168246 30920 4137326 34051 41341:95
2. (10)3778-23 (9) 366916 (4) 362374
2646007 78645 2724662 341-49 27588-11
3. (3)2489°51 (1) 2442 68* 1 i
40156°61 76980 40926-41
L (1)2216°72 (1) 2179 34 (2) 2164+6 (2)2162-7
45097 - 86 7743 45872:2+2 311°4 461836+ 2 786°45+ 33986 46224-17+2
5. (2)2259-83. (6) 2299 02..u,
(47421°14) 786°45+3435  (48551-12)
6. (4)2362-18.2¢1 (1)21595.¢ (6) 2302-88.26 (8) 2300 35.2¢
48688°12)  788:06  (49476-18) 301-54  (49777-72)
r (48698-34)§ . ‘ 786°45+340°4 (49825'2)

The first three S, lines give for the formula
n = 5165129—N/{m+'098630—'014156/m }>

The caleulated wave-numbers for m = 4...7 are in order 45095°25, 47419°39,
4869538, 49470°47. The first gives O—C, dx = '12; the others are outside the
observed region but are reached by sounding and glve O—C values of —08, ‘12, '22,

the errors including those of the sounders.
Quantities relating to the separation 309 will be denoted by dashed letters. With

the limit 51651'29+¢ and separations 786°45+dy, 309°20+dy,, 341°16+dy, | the
values of A,, A, are found to be

A; = 10969—"316£+1379 dv, = 44(249°30+ 314 dy,—"007¢),
Aly = 4244—121£+13'67 dv, = 17 (249°63+ 80 d/,—"007 ¢),
Ay = 4680—"121£+1365dv, = 183(249°64+ 73 dy,—"007¢).

The value of the oun is thus given by & = 24930+ 314 dv,, 249'63+'8 d'v,, with
the uncertainty usually found from triplet separations [see IIL, p. 332]. From the
limit = p(1) and A, the values of the a, b, ¢, d, e links are at once found. The
result for e = p,(1)(—24,)—p,(1)(24,) is 3183'85. Since S, (1) = p(1)—s(1),

* 185 (3) (- 99), see displaced sets below.

T Is Fg (2), see p. 376.

1 In region at very end of BALY’S list ; 41841 is his last.

§ (6) 2291-26.c.u.

| Obtained as least square value from m = 1, 2, 3, supposmg A equally probable.
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$(1) = 9412027 + ¢ = N/{1'079474 —578¢}%  From this the w, v links, viz,
u=s(1)—s(1)(A,), v =s(1)(—=A,)—s (1) can be calculated. The results are

u = 1884034233 dvl—'02§",

v = 1942°44 +2°48 dy,— 03¢,
with

e = 3183'84+4'096 dv,— 0064

The occurrency curves for these are shown in Plate 2 (fig. 1). It will be seen at
once that the maximum occurrences appear with gharp peaks in close agreement with
the calculated values.

The calculated lines for m > 4 are outside the observation region, but their
existence can be indicated by using the above links as sounders. At the same time,
in order to give more confidence in the application of the method, the similar linkages
are examined for the lines which are observed. It is, of course, understood that the
existence of a single link is no conclusive evidence of the existence of the unseen
line, as it may be a coincidence. The evidence is cumulative and is seen at a glance
in the diagram in Plate 8 (fig. 1). The actual data are given here. In the appli-
cation of this the frequent link modification must be allowed for, as well as the effect
of observation errors. Consequently separations deviating by not more than two
or three units from the values determined above are admitted. As a fact, this will
exclude a number of real link connections as well as include a certain number of
pseudo ones. But by limiting the deviations to these small amounts the conclusions
drawn will be more reliable.

SounpiNg Data.

S (1):
(2) 37340 (1) 39799 188257
1944-49
(1) 39284  3184°49 S,  (Im) 38497  3185-23 S Ss
1882-11 :

(3) 41166 (1) 39741 194062

Here the u, v links form a series inequality in S; with 39284 and a corresponding parallel inequality
with S, The —e link with S, is probably spurious, since 38497 will later be shown to be Dy;(2) (p. 371),
and the link as shown is excessive. It is omitted in the diagram. No links are seen with Ss,

8 (2). .
(1) 21332 1884:03 (1) 29130 (5) 31726
199417 1886-73
(2) 23276  3183-57 S;  (4) 24062  3183-70 S, 3183-38 (1) 30430 3183-11 (3) 33613
. 1940-68 1940-93
(5) 24578  1881-95 (2n) 26003 (2) 35554

Here is present. a chain of e links in 8, so frequent in Ag and Au [IV.]. Also, as in the case of m = 1,
are found the same modification effect of about 2 in the u, v links. It may be noted that in addition to
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the above there are lines (1n) 26014-23 and (3n) 2529558 respectively 1232-39 below S, and 123266
above 24062-92. Now 1231-14 + -30dA; is the calculated value of a link ¢’ constituted in the same way

as ¢, but with A, in place of A;.
S (3).

(2) 39063  1879-80

(2n) 33791 2x3182+59 [S)] 3180 (1) 44123
(3) 39000  1942-56

The line 40926 entered under S; is 769-80 ahead of S;. The « link is 768-98, so that it may be
S; (3)+a. It is also numerically exactly the displaced line S;(3) (—98), also (8) Sz(3), but see below.
Note that there is a rather abnormal + e link with the normal value of Ss. The calculated value of S; is
41252-26 and is close on the limit of the region observed by BALY. Again with this, ¢ links are in
evidence, viz., (2) 4248395 and (1) 4002321 respectively 1231-69 ahead and 1229°05 behind [Ss],
~whilst the former has +v links from it, viz.,, 1942-92 and - 1942-97. They are however not entered on
the diagram, since only ¢, u, v links are there shown. ‘

In the foregoing three orders the links are found in evidence. In the succeeding orders they are used

as sounders.

S (4).
(1) 41919 317811 8, (1) 42686 318584 (35S, (3) 43000  3183-04(25;) S5
194310
(1) 39976 (1) 43987 - 1884-63

The links here are unsatisfactory as well as the lines given for S5 5. Numerically the second and third
lines are respectively (381) Sy and (28;)S;.  They may really be displacements on the sequence terms, hut
if so the order is too high to make any certain decision. Taking S; as correet, the normal value for Sy
and Sg would be 4588431 and 46193-51. The former has links 1881-66 back to (1) 4400265 with a
further », 194272, back to (3) 42059-93. No direct link is found for normal S; Its -e¢ link should
produce a line at 43010°16. This is very close to the mean of the 43000 shown in the table and a line
(4) 43019-17, d.e.,, 43009-87. In other words, these two lines are (¢) (28;) S3 and (e) ( — 28,) S, indicating
that the normal S; line has been split into two by displacements + 28, on the limit (or F equal displace-
ments in sequent). Both linked lines are seen, but only one of the lines themselves, which is possibly
due to the fact that they are close on the limits of the observed region. We shall find indisputable

evidence of such displaced parallel series as a general phenomenon.

S (5).
(1) 42293
188465
(2) 44237 318173 [Si]
1944-48
(3) 42352

The separation —e¢is given on the value calculated from the formula. Inm = 4 the observed is 26
larger than the caleulated, pointing to too small a value for the limit, which is quite possible as the limit
determined from lines involving S (1) = -P(1) is never found correctly. An increase of this order
makes the — ¢ link in S; (5) normal. It gives the line in the table with dA = — -08.
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It is most important to get evidence which can carry conviction as to the reality of
displaced lines, especially where the displacements occur simultaneously on both limit
and sequent. A numerical coincidence in this case can have little weight by itself.
In fact, it can have weight only in each particular case provided it is known from
other considerations that such displacements are a common and universal rule. For
this purpose it is instructive to adduce here some striking evidence afforded by certain
sets of lines connected with the S series. The lines in question are arranged in the
two following schemes, expressed in wave-numbers :—

—(1) 42844 —(3) 42059 ' —(8) 41496
12300 12453 122-92

—(2) 42721 252:37 S;(1)  —(1) 41935 252-94 S;(1) —(1) 41625 252°30 S3(1)
300-11

—(1) 42421

(1n) 26407 35-23 (1) 26442 (2) 27175

1731 17-29 22°53 ‘

(10) 26424 35-31 S1(2) (1) 27207 38-70 S,(2) (1) 27520 35-17 [§5(2)]

29956 29972 298-15
(2) 26724 35-47 (5) 26759 (2n) 27506 -

These lines are numerically displaced with reference to the S by amounts
represented by the following parallel schemes :—

81 (1) (- 99) 82 (1) (- 99) S (1) (- 93)
S (1) - 63), 8 (1) S()(-60),  Si(D)  Ss(D)(-60),  Sy(1)
(= 1738) 81 (1) (- 69) : )

S1(2) (- 99), 51(2) (- 39), S:(2) (- 99)
51(2) (- 69), 51(2), 5:(2)(-68), $5:(2), S3(2)(-69),  [S:(2)]
(-1718)81(2) (- 68), (- 1738)81(2), (= 1748)S5(2) (- 69). '

N

In addition, for m = 3, we have seen that in place of normal S,(8) the displaced
S,(8)(—94) is seen. The parallelism in spite of lacunse show fthat the set are
definitely related, and the fact that the same displacement on the sequents for
m = 1, 2, 3 are required to represent the observed separations is specially striking, it
being remembered that a displacement on the limit gives constant separation for
different orders, whilst one on a sequent gives different for different orders. Here,
for instance, 252 in m = 1, 85 in m = 2, and 16 in m = 3, all depend on the same
oun multiple, 94, displacement in the sequences. Also 123 inm = 1 and 17 in m = 2
on the same 68, whilst the constant displacement 800 is explained by —1748 = —694,
on the limit. , :
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Xenon.—Xenon also shows two spectra, without capacity in the red region and
with it, extending far into the ultra-violet. Practically the only material at disposal
is contained in the extensive lists of BarLy* (red spectrum 6198-—2536, blue
6097—2414) with an accuracy of about 03 A. This is supplemented by observations
by LiveiNg and DEwAR,T especially by longer wave-lengths up to 6596, but
unfortunately only measured to the nearest unit.

Bavy draws attention to the large number of lines apparently common to both
Kr and X. The number of lines in the whole spectrum is very large. BALY gives
1876 in the blue spectrum, but perhaps the most noticeable point for our present
purpose 1s the great variability with change in the conditions of excitation. This is
very clearly indicated by a comparison of intensities of corresponding lines as observed
by L., D. and B. The following are a few examples out of a large number illustrating
this. The numbers following a wave-length give the intensities as estimated
respectively by BALy and by LiveiNe and DEwAR :—

5191 5, 6 4890 5, 38
5188 4, 38 4887 5 0
5080 7, 2 4884 1, 4
5068 not seen, 5 4883 6, O
5045 3, 6 4844 10, 10

As between the two spectra also, a fact noticed by L. and D. is of importance.
They say “ there is one very remarkable change in the xenon spectrum produced by
the introduction of a jar into the circuit. Without the jar the xenon gives two
bright green rays at about A4917 and A4924, but on putting a jar into the circuit
they are replaced by a single, still stronger, line at about 4922. In no other case
have we noticed a change so striking.” They also state that changes occur with the
same kind of discharge as between different tubes. These are clear cases of oun
displacements. PAULsoN again (loc. ¢it.) gives some constant separations in the first
spectrum. The triplet separations observed are about v = 1778, v, = 814, in due
order of magnitude with those for Kr. No line suitable for S (1) comes within the
observed region, but there are two lines with W.N. 4037540, 3956150 separated by
81399, which would serve for S,(1) and S,(1) and are in a similar position to the
KrS lines. They clearly suggest that the S,(1) line is at —42158'389, using
vy = 177790 as found from the S, set. This is further substantiated by employing
the value of the e link, found below to be 7314, as a sounder. It requires a line at
about 34839, and such a line is found at (< 1) 8483678 (but see discussion under

* ¢ Phil. Trans.,” A, vol. 202, p. 183 (1903).
t *Roy. Soc. Proc.,” vol. 68, p. 389 (1901); ¢ Coll. Papers,” p. 494.
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S;(8)). The observed S sets, as well as others found by sounding, are given in the
following table :— :

XS.
S | Sa. Sp.
m. 5 .
1. —[2371-57 ~ (10) 247602 - (4) 252697
[42153-39 1777-90 40375-49  813-99 39561-50
2. (4) 385444 (5) 360717 . (1) 3503+ 99
2593690 1777-90 27714-80 815-11 28530-91
3. (4) 252710 (1) 241847 (<1) 2869-71.c
3955946 177669 41336-15 814°63 °© (42150 88)
4. (In) 2689-82.¢ (4) 2871-85.cu (1) 2829-35.6.0
(44480°53) 177744 (46257-97)  817-68 (47075 65)
5. (1) 2828-01.c.u (1) 2944-78.2¢
(46797-58)  1779-33 (48576-91)
6. (2)2452:76. (1n) 2623-31.e.0 (1) 2549-05.e.u
(48072-37)  1778-33 (49850-70) 81534 (50666-04)
7. (<1) 2021 Td.ce (&) (4) 2777+ 10.0.¢ (8) (1) 2715910 (- &)
(48866-68) 1777-80 (50624-48)  815-22 (51439-70)
8. (2) 2658-37.e(—&)w (1) 25638+ 16.e.v (2n) 2468 54.c.u
(49350-39) © 177869 (51129-08) 81600 (51945 08)
9. (1) 2850°41.2
(49700-78) .
10. (1) 2616-79.c (= 8).0 (- &) (1) 2701-99.2¢ (1) 2432-87.6 (= &)1 (= 8y)
(49949-59) 177755 (51727-14) 815-61 (52542-75)
11, (1) 2584 0d.eu (2) 2470+ 30.0. (1) 2943+07.2¢.u
(50134-99)  1781-25 (51916-24) 813-5% (52729-81)
12, (2) 3202°17.2.0 (1) 2479+ 98,6 (3) 2614-13.2¢
(50276-15)  1777-00 (52053-14) 817-59 (52870°73)
13. (2) 2663 43.2¢ (<1) 2921-74.2¢u
(52162-72) 81500 (52977-172)
The first three lines gives the formula
2
n = 51025'29-—N/{m+'096726—— O”ﬂf%}.

From the limit 51025, and using the observed separations given by the S (2) lines,
viz., 1777°90, 815'05, the values of A,, A, are found to be

A, = 24893 +13°64 dy,—72¢ = 403 {610°87 + 334 dy,—"018¢},
A, = 10996+ 1838 dv—'81¢ = 18 {610°89+ 74 du,—'017¢}.

The calculated
The result

To a first approximation therefore the oun is given by ¢ = 610°88.
value of the e link from the value of A, is ¢ = 731409 —"0056£+ 423 dy,.
VOL. CCXX.—A. 3 ¢
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of examining the lines of the blue spectrum for separations of this magnitude is
shown in Plate 2, fig. 2. It is distinguished from those of elements hitherto discussed
by showing one definite maximum alone at about 7315°8, although there are indica-
tions of the appearance of another peak beyond 7817. The displaced e (8;) link shows
a difference of 2'32, so that a second peak might be expected at 7317°62. If the
actual value is at 73158 it would require 423 dv, = 1'2, or dy, about ‘30, dx = "04
distributed between the two S, ,(2) lines. This is possible with + 02 on each line,
but probably excessive for an error ot one of them. Both values are tested as links
below for the observed lines, and the results show that with the exception of S, (1)
the value of e, calculated from the original », is extraordinarily exact. For this
reason, and because the exact position of the peak of the frequency curve depends
on several disturbing conditions, the original value e = 73141 will be used for
" sounding purposes on lines outside observed regions. Again the first line —42153
and the limit 51025 gives 93178 as the value of P () or s(1). From this the values
of the u, v links are found. The complete set are

Links. ' Chauges per §; displacement.
u = 413318 —"049£+2°19 dy, 177,
v = 4428°00—"061£+2'51 dn, 184,
e =7314'1—"0056+423 dy, 2'32.

The results obtained by sounding are shown at a glance in diagram Plate 8,
which embraces orders up to m = 13. The cumulative weight of the evidence is
overwhelming in support of the general application of this method. The existence
of a series parallel to the normal S at a distance —e is proved, whilst the presence of
other linked lines is rendered extremely probable by succession of similar linking in
the same set, and in neighbouring orders. Compare, for instance, the triplets in
m =1, 3, 4, 7, 8 and the sets for m = 8, 9, 10.

Detarled Discussion.—In the following discussion the starting point f01 the con-
sideration of each triplet set is—after m = 8—the value of S, (m) calculated from
the series formula obtained above. The sounders are indicated to the left of each
observed line and the values O—C in dX are given on the right, the observed or O
line being regarded as the observed sounded line + the link as given above. The value
entered in the table of S lines above is, however, not the line as calculated from the
formula, but the most probable value as deduced from sounding. They are indicated
below by asterisks. For the first three orders the values of dA obtained by using
e = 73153 are placed to the right of those depending on e = 7314°1.

S(1).
[ - 42153-39] — 4037549 — 3956150
—e(<1) 34836 <15, 07 ~¢(5) 33061 -01, - -06 ~¢(3) 32248 —-07, — 14
— 2 (4) 27523  -13, — 02 —2¢(1) 25747 00, — 15 —o—u(1) 28113  -04, — -07
—¢-u(3) 30700 37, -1l —e—u(l) 28928 00, - -11 —e+u(3) 36379 11, 05

—e—v(1) 27819 <00, - -12
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In the case of S; it appears as if the ¢ = 7315 is much superior. But, as it happens, the value of S3(3)
as calculated from S, (3) by v, is 4215120, and so is very close to S; (1). It will be shown that for this
the 7314 link gives very close values, and the linkage probably belongs to S;(3). The —e—w is
doubtful.

S (2).
25936 27714 : 28530
-¢(3) 18622 00, —-19 - -w(2) 23282 . -5l v(2) 32958  -00, -17
~e+u(10) 22755 -08, ‘16 —v(—28) -00

~ 2015441+ 84]

In 8; the intensity of 22755 would suggest that its linkage is a coincidence. L.D. give a line 15447
which may possibly be (- 2¢) S, for their measures are only to the nearest A.U.

: S (3). .
39559 41336 [42151]
See S5 (1) —e(<1) 34022 --03, --10 ~e(<1) 34836t 02, - 05
—et+u(<1) 38155 —-03, - -06 —2e(4) 27523 -00, - ‘17
—e—u(1) 29892 —-20, - -3l —e—u(3) 30700  -22,  -l4
—et+v(<1)38453 —-16, —-22  —e—u(-28) , -01

~2+u(l) 30843 —-14, -—-16

T S1(1) and S3(3) are very close. This sounder probably is correct here and does not hold for S; (1), -
for which it differs by about 3. : '

S (4).
[44481-06] [46258-43] ' [47073-48]
—¢(lnm) 37166 02 * —e(1) 38940 16 —¢(ln) 39763 — 15
or (<1) 39754 23
—e-u(3) 33030 ‘17 ~2(1) 31628 09 —e-v(1) 35333 - -08 *
—e—u(-2%) , -00 —e—u(4) 34810 ‘02 ¥

—e—-v(<1) 34518 ~-08

The 38940, 39763 are too far out to be dependent on ¢ links. They could be dependent respectively on
e(~28;) and ¢(+28;). Or more probably the lines 38940, 39754 may be S (4) (— 25).¢, S5 (4) (—29).c.

S (5).
[46799-33] [48577-23] [49392- 28]
—e(ln) 39491 28 —e(1) 41257 - -23
—e—u(l)35350  -08 *  —e—uv(<1)36832 ‘11

~2¢(1) 33948 01 *

39491 is too far out for a link. It would give a reading for S; = 4680545, It is curious, however,
to notice that we have sounders for a set with this value, viz. :—

4680545 1779-80 48585-01 - 815-52 49400-53

—e(1m) 39491 —¢(3) 41271-15 —e—u(l) 3759325
S (6).
[48072-77] [49850-67] (56665 -97]
—0(2) 40758 02 * — ¢[42536] ~ ¢[43352]
 —e—v(ln) 38108 00 * —e—u(l) 39218 <00 *

302
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S (7).
[48846° 60] [50624°50] [51439-80]
— e[41532] — ¢[43310] —e[44125]
—2(<1) 34216  -08 * — % (4) 35998 —-08 * ~2¢(1) 36809 ‘08 *

-e—v(2) 37105 - -02

There seems clear evidence of displacement here producing a separation of about 2, which is the same
as that by & on e. The — 2¢ soundings give S;-S; = 177790+ 81512, which is correct, but 35998 is 2
-in the opposite direction. The lines in the list are therefore deduced from this set, using as sounders
e+e(—3), e+e(8), e+e(—5). The values of dA = +00 for the set.

S(8).
[49351-72] " [51129-62] [51944-92]
~¢[42087] —¢[43815] —~ ¢[44630]
~e—v(2) 37606 ‘14 —e—v(l) 39386 02 * —e—uv(1) 40199 ‘12
—e-u(3) 37901 11 —c—u(3n) 39683 — 06 —¢—u(2n) 40497 00 *

—20(2n) 40497 - 11

The linkage separation gives for the —e—v 1780°83+ 81241 = v+ 1o+ *29.
' ' ’ ' —e—% 1782°19+813'95 = »1+ vy +3°19.
The separations about 1780 are very common and will be discussed more completely under the D series,
but here the origin must be a different one. For S (1) the sounder —e (- 8;) —u is taken.
The — 2v link for S, is probably spurious. The line comes under S; as well. This is because of the
numerical coincidence »; + ve+ 20 = 11448-95 and e+ = 11447-28. It appears in m = 9, 10 also.

. S(9).
[49699-55] [61477-45] [62292-75]
— ¢[42385] —¢|44163] — ¢[44978]
~92(1) 35072 —-05 * —90(1) 36842 24 —e—u(l) 40841 ‘16
—e~1}(1) 37953 -18
~ 20 (1) 40841 10
Only one reliable value — 2e¢ for S;.
S(10).
 [49949-21] [61727-11] _ (52542 41]
— e[42635] — ¢[44313] — ¢[45228]
—e—w(1) 38203 ‘16 * —~2¢(1) 36998  -00 * - 2¢(2) 37916 17
- 20(1) 41091 07 —e—u(l) 41091-56 -13 *

The —e~vin Sy, —2¢in Sp, eu in Sz give 1781:53+811:70 = »;+vo+ "28 the modified »;. For S;
and Sy the modified ¢(—8,), u(—8), v(—8&) are taken. The line 37916 under S; is also (ev) Dig(8),
considered later.

S (11). _
[50134 " 46] [5191236] (52727 66]

— ¢[42820] — e[44598] — 0 [45413]
—e—u(l) 38687 =—-02 * —e—u(2) 40468 - 28 -9 —u(l) 33968 —-08

—~ 2 —v(<1n) 31076 -05 -2 -v(3) 33674 12
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Again the modified »; = 1780 with ex (S;) euSs. These and (2¢, w)S; give

1781:25 +813°57 = »;+vg—1-37.

S (12).
(50275 68] ' [52053-58] [52868-88]
- e[42961] ~ ¢[44739] — e[45554]
~9%-v(2) 31219 --02 * —e—u(1) 40311 01 * ~92(3) 38242 - -07 *
S (13). ,
[50385-80] [52163-70] [52979+00]
—2(2) 37534 -03 ~%-u(<1) 34216  -04

These higher orders are necessarily close to high orders of the D series, and many are therefore
apparently common to both. E.g., 34216 has been adduced as (2¢)S;(7) and is also connected with a D
line. Also their wave-numbers are now so high that it requires two sounders in series to just reach the
limits of the observed region. The later identifications are therefore all doubtful.

Argon.—For the red or non-condensed spark spectrum about 360 lines between
8015 and 2476 together with 16 lines in the ultra-red have been observed. For the
blue or condensed spark spectrum the number amounts to about 780 between 6682
and 2050 together with another 40 lines in the extreme ultra-violet between 1886 and
1833. The measures in the red are due to PascHEN® (ultra-red), Kayser,t RuncE
and PascuEN,} and Eper and VALENTA,§ and in the blue to Kavser,t EpEr and
Varexta,§ and Lyman]| (extreme ultra-violet). In addition we have exact inter-
ferential measures in I.A. by MEissNERT for some red lines and measures by Bany**
for a few extra lines in the blue spectrum. The red spectrum is noted for the
existence of the sets of constant separations discovered by RypBERG.TT The present
communication, however, deals chiefly with the blue spectrum. '

The search for the S series in A is more difficult than in the cases of Kr and X.
There are an extremely large number of separations of about the same value but
clearly distinct. They range round 179 to 188, and, as will be seen later, displace-
ments are very common. The clue is given from the analogous S (1) lines for Kr
and X. The only strong triplet lines in the corresponding positions are those given
in the following list :—

* ¢ Ann. d. Phys.,’ vol. 27, p. 537 (1908).

t ¢Berl. Ber.’ (1896), p. 551 ; ¢ Astro. Journ.,” vol. 4, p. 1 (1896).
1 ¢Astro. Journ.,” vol. 8.

§ ‘Denks. Wien. Akad.,’ vol. 64, p. 216 (1896).

|| ¢ Astro. Journ.,’ vol. 33, p. 107 (1911).

€ ¢ Ann. d. Phys.,’ vol. 51, p. 95 (1916).
*% <Phil. Trans.,” A, vol. 202, p. 188 (1904).
11 ¢ Astro. Journ.,” vol. 6, p. 338 (1897).
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AS.
m.
1. —(5) 28444 —(8) 2354°3 - —(1) 28585
4264210 17943 42462767 7560 42387°07
2. (5) 8765463 (2) 373988 (9) 8729450
2654976 18164 2673140 7474 26806°14
3. (1) 24841 (2) 24731 (1) 2468°8
4024405 179'10 4042315 70°39 4049354
: 7559 (40498774)
4. (221277) | (2204°0) (2200°3)
(45179°30) 179°50 (45358'80)  '75'60 (45484°40)
5. ‘ (2098°5)
(47681)
6. [2049°5] [2042°2] [2038°8]
[48776°74] [48950°34] [49081°94]

The observation errors for m = 1 and 8 are very considerable, since the measures
are only given to ‘1 A.U. and ‘05 A. produces about dn = '8. Consequently it is
possible only to obtain approximate values for », »,,  On the other hand, for m = 2,
where we have very accurate measures, there must be some doubt about the allocation
of 8,(2) because its intensity, 9, is so excessive in comparison with the 5, 2 of S,
and S,, and the », separation of 181°64 is greater than observation errors on the lines
for m = 1, 3 allow. The latter objection, however, can be set aside as it corresponds
to the excess », observed in Kr and X diffuse sets and, as will be found later, in NeS.
In these cases »,+v, comes out to be normal. Here, however, the sum is about
1’85+ too large, and with the S(1) separations the typical S;(2) would be at
2680479 or dx = ‘18, probably of intensity 1, and so overshadowed by the strong
line in the list. As will be seen immediately, the linkages will show that this value
is preferable. The linkages will also show the probability of a line at 40498 for
S;(8). ‘ :

The three first S, lines give the formula

n = 51731'05——N/{m+'095901—%%}2.

For the determination of A,, A, the oun and the links, reliable values of », and »,
are required. We have seen that the values obtained from the observed sets of lines
are subject to large observational errors. Nevertheless that the true value of », is
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not far from that shown by S(1) is indicated by the fact that there are several
accurate separations of about 179°5, e.g.,

(6) 20621 17931 (8) 20800 .17961 (4) 20980
(3) 26893 17935 (1) 27072
(1) 31359 17962  (4) 31538

of which the first is part of a linkage. With the limit 51731°05+¢ and
v = 179°50 +dw, v, = 75'60+dw,, the values of A, A, are

A, = 2519—"073&+ 14 dy, = 433 (57°59 + 32 dy,—'0016¢),

Ay = 1057 ~080£+ 14 dv, = 184 (5791477 dv,—"0016¢),

or ,
A = A]""‘Az = 62 X 57'70.

The oun is thus given by 44, = § = 577 with some uncertainty owing to inexactness
in the observed triplet separations. Its value calculated direct from the atomic
weight 39°9 should be § = 861'8 x ('899)* = 57°6 + 14, the uncertainty being due to the
uncertainty +°05 in the atomic weight. The value of s(1) = p (1)—S (1) = 94873°10,
from which the u, v links may be calculated. The e, %, v links are found to be

e = 71971+4 dv,
u = 439°47 +2°43 du,,
v = 442°67 +2°47 dv,.

The examination of the spectrum gives the occurrency curve shown in Plate 2,
fig. 4. It shows a very distinct maximum in the region around 720 but little to
show the exact position. The values appear somewhat irregular. If] e.g., the ordinate
for 719°6 be drawn, it would be the same as for those at 720'5 and 721. It may be
noted that if the maximum is taken at 7204, » is '18 larger = 17.9°68 and the oun
calculated from A, becomes the same as from A. But this is rarely the case in
triplets. As, moreover, the link 7197 when applied to the observed S (1, 2, 3) lines
gives better agreement than a link 7204 we shall use it for the purpose of sounding.

The results of sounding are exhibited in diagram form in Plate 3. The details
follow :— '

S(1).
42642-10 4246267 4238707

—e[41922-39] —e[41742-96] ' —e(3) 41666 - -06

(—178,)(2) 41474 —e—v(4) 41299 -02 (—178:)(2) 41218
-e—u 81-86 06 —e—v --03

(68;) (1) 41488 —2¢(2) 41023 - 02 (68,) (2) 41231
e(—68;) (1) 43355 *00 —2¢+u (4) 41460 ‘11 —2¢(1) 40949 --10

— 2¢—u(2) 40585 -+10 .
+¢(3) 43183 - 06

We find in the three sets clear indications of displacements producing separations of 12 or 13. As they
appear in different orders such displacements can only arise in the limit. Two cases occur in m = 1, viz,,
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Si(1)-e—wand Sg(1)—e~v. They land between the lines indicated above, where the separations are
13:76 and 13°59, or the same within error limits. Now 138; on S( o) produces 13-26, and the four
lines in question are 41474-51 = (78;)S;(1)—e—w or ew.(78;)S;(1), 41488-27 = e.u.(—68;)S; (1),
4121808 = e.0.(78;)S5(1), 4123167 = ¢.v.(68,) S3(1). That is, S; repeated from S;.

S(2).
2654976 . © 92673140 2680614
(- 33) (4) 25817 (—68)(1) 27165 u-5-8(1) 2723982
—e 2944 09 w 71-50 - +09
(28) (7) 25841 (68, (2) 27177 v—-6-2(1) 2724258
2¢ —v (4) 24665 34 —u(-"T8)(3) 26285 ~+05 —¢—12(3) 2609842
—e—u(l) 25391 - 17 - (3) 26001 — 2 +u (1) 25804 -31
—e 11:98 — 04 '
(3) 22 — 2 +u+v(3) 26248 ‘11
—2¢(1) 25290 14 — 2 —v(l) 24921
—2¢—v(3) 24845 58

Several interesting points emerge from the above.
(1) The links to 26806 as Sz are all bad. On the other hand, if the links are regarded as correct,

the last three point back respectively to 2680397, 0534, 03-35, or a mean 26804-22. If S, is correct
and vi+vy = 179:50+75:60 as assumed Ss should be 26804:86, the same within the various error
limits. This is therefore supporting evidence in favour of the supposition made above that the very
strong line (9) 26806 is not itself S;(2), but that it overshadows the true one, which ought to be a very
weak one.

(2) The existence of separations in the neighbourhood of 12 is also very marked. There are lines
(4) 26562-08 at 12°22 above Sy, (2) 2674415 at 12-75 above S,, and (3) 26098-42 at 12 above the linked
line S;+e¢. Further, 12, 2 x 12, appear in connection with the different linked systems, showing the
existence of sets of lines depending on displacements in S ( o).

(8) In 8, the allotted line is 181-64 ahead of S; instead of the normal 179-50. The majority of the
links from S; are to displaced lines, in which 8, gives a separation of about 1-03, so that no direct
evidence as to normal value of S; is directly available, beyond the fact itself that displacemeant is very
prevalent. The two only direct links, 2¢, 2¢+v, would refer back to lines at 2673034, 2777, or a mean
of 2672905, which is 1793 ahead of S; and clearly points to the normal S;. In other words, the normal
S, is displaced by (— 28;) S (), but the linked lines refer back to the undisplaced normal lines. With
the development of our knowledge of the laws of spectral construction, such facts as these may be
expected to be of the greatest importance in settling questions of internal constitution of individual

vibrating systems.

S(3).
40244 40423 (40498 74)
¢+ 6(3) 40969 e+17-3(1) 41150 ¢(2) 41218  -02 *
e+v(3) 41407 - 04 2¢4+6°4—v(3) 41426 e+v(2) 41860 ‘04
2 (3) 41681 07 2¢(2) 41860 14 2¢(3) 41940 - -16
2 —v(3) 41243  -01 —~e—u(l) 39265 ~ 12 (1) 41488
2 —u 500 - -10
—¢+12(4) 39536  -02 -~ ~w»(b) 39981 - -08 (1) 41512
~2+u(l) 39244 ~-01 —%+u(3) 39420 16 (2) 40926
’ % 37 <02

(1) 40949
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Here again the links to the line observed near normal Szare bad, whereas the links treated as good refer
back to a line exactly »; ahead of S;. Further the 12 or 6 separation is again in evidence. Also the links
2¢, ~ 2e+u, —e—u refer back to lines differing by about 6 from S,.

S (4).
[45179 - 30] [45358] (45434 40]
u(l) 45618 —--02  e—v(1) 45635 00 —e—u(l) 44996 - -09
—v(4) 44735 -07 ~v(3) 44913 <12 —e—u(l) 44275 - -01

-2 +v(2) 44175 - 16

Here the calculated lines agree remarkably with the sounded. The calculated are therefore adopted.

S (5).
- [47501°68] [47681-18] , [47756-78]
v (1) 48126 - 12
w+6(1) 48126 -00

The only links apparent are for Sy, again with the 6 displacement. These lines are all close to the limit
of observed region.

S (6).
[48776"74] (48956 34] [49031-94]
~%+0(l) 47784 <16 ~9—12(1) 47522 -09 —e+u(l) 48753 06

—2—u(l) 471556 - -10

The lines are now so far out of the observed region that.the links are too small to refer back to well
observed regions even if such lines are really existent.

The foregoing discussion of the S series affords evidence of the existence of dis-
placements of about 12 (or 6). This requires further consideration as affording
material on which additional knowledge may be obtained regarding the laws which
such displacements follow. The presence of the same displacements in successive
terms of the series points to a modification on the limit—either a pure displacement,
a linkage effect, or, as the separation is small, possibly the difference of two links.
The further evidence to follow points decisively to the existence of displacement.
Whether they are due to displacements by multiples of the oun on the limit is, of
course, not so convincing. The numerical relations are very closely represented on
this hypothesis, but in the case of argon the & is so small that it produces in S,
“separations of 1°03 only. In lines whose wave-numbers lie about 40,000 or greater,
this produces changes in A of ‘06 and therefore comparable with observation errors.
In the case of S (2) only—wave-numbers of order 26700—does it produce dx = ‘15.
The measurements here are by KAYSER, whose errors are probably < ‘02, almost

certainly < 05, and a close agreement between calculated and observed lines will
give evidence of some weight.
VOL. COXX.—A. ' 3D
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m=1. In S(1) cases of the displacement associated with the linked lines have
been given above. They also exist in connection with the S lines themselves. Near
S, (1) are 4244825 and 42473'49, both of intensity 1; the first 14°42 above and the
second 10'82 below 8,(1), or a difference of 2524 = 2x 12'62. Again (8) 4240145
is 14'88 above S;(1). Now 344 = 144, displacement on S (o ) produces a separation
of 14'42, and of 2146 = 1048, one of 10°30. If, therefore, the observation errors are
very small the lines in question are respectively (—144;) S,(1), (104,) S,(1), and
(—144;) S;(1). There is no corresponding (—1446;)S,(1), but (1)42623'93 is
(—188,) S, (1) with dx = "00.

m = 2. In S(2) we find direct displacements on the S (2) lines with a whole set
of linked lines. They are indicated in the following table :—

(9) 26806 14

(4) 2656208 182:07  (3)26744°15 7560 19+75
(1) 26833-37
—e(7) 25841 ~+13 —e(3) 26022 —¢(3) 26098
- 2(5) 25121 - -09 e(2) 27464 - -12 —¢+24-61(3) 26123
- 3¢ (1) 24399 “30 ~u(2) 26305 - 12
—u(3) 26123 *06 ~e—u(1) 25582

—e+0(3) 26285 -00
- 3¢+v(3) 24845 00

The line 26562 has been already adduced. It is (—24) S,(2) with dx = —'02.
The lines 26022, 26098 under (e)S, and (e)S; differ by 7557 or a normal v, and
refer back to lines which would give the true triplet separations with the first
line 26542.

m = 3. From S,(3) the two lines (1) 40258'62 and (4) 4027321 are displaced
successively by 1457 and 14°59, the same separation as in the case of m = 1. They
are (—144,) 8,(3) and (—284,) S, (8), with O—C given by dx = 00 in both cases.
The first has a modified e link —722°61 and the second another.of 71846 to observed
lines (4) 8958601 ; (6) 40991°67.

The D and F Serzes.

It will be found that the rare gases show a large preponderance of sets of lines
which have all the characteristics of belonging to satellites of D series, or to parallel
multiplet F series. In other words where, as in other elements, the d sequences
show two displacements from the main d,;; sequence when triplets are in question, the
rare gases show a large number of such displacements, both in the d and the jf
sequences, many of these being due to large multiples of A, No attempt has been
made to determine the whole system of these satellite sets, a problem belonging to
an intensive study of individual elements, but a sufficient number have been adduced
to prove their existence and to exhibit some of their characteristics. ‘
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Krypton.—The following table contains lines allocated to the D series for krypton
and discussed in the present communication :—

KrD.
78825  (2) 1990469 30971
Dys (1) 19116-44 (2) 2021386
79047 (1) 1990691 306-95
186019 '
786-03 (1) 20714-49 311-84
Dy (1) 19928-46 (2) 21026 33
789-67 (3n) 2071813 308-20
1048-17
Dis  (2) 2066936 78840  (5) 2145776 308-82 (3n) 2176658
o= 14 307-27
Dys [20763-25] 789-40  (2) 2155265 306-33  (2) 21858-98
213-38 _
Dy (2n) 2084289 788-78 (1) 21631-67 | 307-68  (4) 21939-35
13374 ' ‘
Dis (1) 2087160 78875  (5) 2166035
105-03
Diy (<1) 2087578 78828  (2) 2166406
*100-85
k D11 (6) 20976°63 .
Dis (1) 38037-85 787-60 (1) 3882545 311°96  (2) 39137 41 ¢
Dy 38275 82] 78744  (2) 39063°26 2
I 3832467 78733  (2) 39112-00 308-99 (1) 3942099
=29 Dy (1m) 3849723 787-16 (1) 3928439 306-87  (2) 3959126
Dy (1) 3853194 ?
Dy (5) 3856046
3 Di;  (2) 4440853 787-99  (2) 4519652 30807 (45504 59)
S Dll (3) 4442667
_— (47077 38) 786-19  (47863°57) 30815 (48171-72)
= (47080 55) ‘
m =5 (48500-71) 786-88  (49287°59) | 305 [49593+55]
P (49345 98) 78797 (50133 95) 309:89  (50443-84)
= [49349- 39]
m =T (49896-60)

It will be clearer to consider first the Dy, lines by themselves, and then the satellite
lines in each order. From the first three lines the calculated formula is

. 2
" = 51655-56—N/{m+-897262_&Q%E}_ |

The limit is within errors of the value found for S( ), but in view of what
happens in the cases of X, and RaEm to be considered later, it may be noted that
the difference D, —8_ = 427 is very close to a —4, displacement in S, ( o ), which
would produce a separation of 4'42. [Note.—If D (o) =S (), £ here = —4'27+¢

3D 2
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of S(o). If D(o)=(=8)8(»), ¢here = §¢~'15 6f S().] The lines calculated
from the formula for the succeeding lines are all outside the observed region. For

m = 4 ... 7 they are respectively in wave-numbers
- 47079°52, 4850056, 49349°39, 49896°60,

The detailed discussion immediately following will show the evidence for their
existence by sounding. The existence of a parallel set at a distance —(e+w) is
brought to light which show for the above calculated lines values of O—C = 09, “00,
‘14, —01.

The agreement is remarkably close and would seem to show that the value of
D () used is very close to its true value, about one or two units in excess. The
results of the discussion are exhibited as a whole in Plate 3, fig. 4.

As in the previous cases, the linkings with the observed lines m = 1, 2, 3 are given, in order to show
that the method is justified where it can be tested.

1. 9, 3,

(6) 20976 (5) 38560 (3) 44426

¢(4) 24158 17T (1) 41743 04 —0(10) 42483 -0l
(1) 22014 -86 _v(1) 36619 -27 ~2(4) 37061 13

v(-8) 22914 00
~o—v(3) 15856

4. 5 : 6

[47079-52] [48500°56] [49349-39]
—o(T) 43894 08 o [45317] — ¢ [46166]
—e¢—wv (1) 41951 09 —e—wv(l) 43374 00 —e¢—v(2) 44220 138
~u(2) 45196 00 ~
7.
(49896 60]
—-¢[46713]

—e—v(l) 44771 - -01
~2-p(3) 41588  -05

In m = 1 negative links lead to lines in the red where observation is defective. LiveING and DEWAR
give a line to the nearest unit which may possibly be a —¢—v link. - The line 22914 is too far out to be
an exact v, but its difference is 4-47, which corresponds to an exact — 8, displacement on the limit, In
other words, it belongs to the limit as calculated from the S series.

In m =.4...7 the —¢—v sounders all show lines in evidence. The —e¢ sounder for m = 5, 6 would
show lines just within the boundary of observation, and the absence of corresponding observed lines is
therefore explicable. In m-= 4 the line 41951 is part of an apparent triplet.

(1) 41951-59 78619 (1) 4273778 30851 (2) 43045-93.

"I“‘he diminished values of vy, », indicate that the second and third lines correspond to Dyy and Dg; lines.
The value of »y is however sufficiently close to make the difference due to observation error, in which case
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41951 would correspond to a Dy, leaving the calculated 47079 as a true Dy (dA = 0), whilst Dy, is
47077-38. That 47079 exists is also shown by the » sounder. In the table this arrangement is adopted.
The line entered for m = b is the calculated, as it is so close to the deduced. For m = 6, 7 they are the
deduced from the —¢-—# sounder. The sounders for Dy, Dy, m = 4...7‘, are indicated in Plate 3, fig. 4.

The Abnormal Satellite Separations.—The separations of the lines suggested for the
satellite sets show abnormal values in that they are roughly about 2 greater than »,
for the S triplets. The difference is real and not due to errors of observation, and we
shall find a corresponding abnormality in the other elements of the group. Taking
BALY’s maximum error to be dA = ‘05, the maximum error in n for the D (1) lines
will range from ‘21 to '24, or, say, ‘45 on a difference of two lines. All the D (1)
readings for » can therefore be the same within observation errors, but cannot
possibly agree with that for the S set. Those for », however, 308'82, 30768, cannot
be the same without allowing errors larger than dx = "05. If they are to be the
same the excessive error is probably in 21766, which is nebulous and would require
dx = "08. Further, in addition to the lines assigned here to the D series, there are
a very large number of other lines showing separations of 788. The question arises,
therefore, as to the origin of this abnormality, and it is important to discuss the
various possible sources. The formula gives so closely the values of the lines for D,,
from m = 1 to m = 7 that there can be little doubt as to the essential correctness of
the Dy, allocation. The limit of the series cannot then be very different from S ().

(1) Is 788 a real separation—i.e., is it produced by a displacement on 8, () by a
larger oun multiple—in this case of 4418 in place of 448? If so the separation would
. be 4'52 greater, or 791 instead of 788, and such an explanation is therefore quite
inadmissible. :

(2) Is it a b link modified by displacement ? If D (o) be as found, 4.e., (=4,) S (),
» will be increased by "09 or 786'45 to 786°54—an inappreciable change. To produce
~a change of 2 in the value of b or » the limit would have to be (—58) 8, (), which
gives a value 88’5 above S(c). But, as a fact, the limit found is quite close to
S, (). This explanation is therefore excluded. v

(8) Are these displacements on the d sequences? In the normal case the
d sequences for a given satellite triplet are the same, but are displaced from one
satellite set to another. Is it possible that the sequences suffer displacement in the
same triplet also? Take, for example, the satellite set whose first line is 20669.
The sequent is d = 51655—20669 = 3098620 = N/(1'881350)’. A displacement of
—4, on the denominator 1'881 increases d by 206. If the displacement is on the
first line of the triplet it must be —d,, if on the second +d,, and both give practically
the same value 788'51 for the apparent separation in general agreement with the
observed value. There is nothing, however, to show whether the displacement should
be —§, on the d, or +4; on both d,, d,, as the observed 308°82 is within our assumed
error limit, but it is interesting to note that if the oun for », be the same as for v, the
true value of », would be very close to the observed. In this connection it is to be
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remembered that in the d sequences the oun is not affected by the peculiar triplet
modification shown by all elements. In the 20842 set the observed v, is 30768, but
the value of the observed v+, is very nearly normal. This means that the third
line does not suffer displacement, but only the middle one 21631.

It this explanation is correct, the modifications must diminish with increasing
order. For instance, in d(2), 8, produces a change in separation of *56, and the new
v = 786°45+°'56 = 787°01 as against 787°16 observed. For m = 3 J, produces ‘23,
but the possible observation errors in n—maximum dn = 1'0—are now so great that
the observed separation of 787°99 is well within the limits of 786°68. So far then as
merely numerical agreement goes this explanation would seem very satisfactory, but
the changes required are so small that by themselves they can give little confidence.
We shall, however, see later how it explains certain effects in the F (o) (p. 868)—
which depend on the d (1) sequents—and, further, how it also explains similar
modifications in the other elements of this group. Meanwhile further evidence in
its favour may be obtained from linkage considerations. Some examples follow.

(Note.—The observation errors in the separations should not exceed about '50.)

(@) The mesh
78603 (1) 20714 311-84
(1) 19928 (2) 21026 78736 (4) 21813 30947 (1) 22123
789°67 (3n) 20718 308-20
Here with 20714 », is normal, » abnormal, but »+v, = 1097°87. Our explanation
gives 788'51+30920 = 1097°71. Thus on the upper set the first and second have
the same d sequent, whilst the third has (J,) d. In the lower set, on the other hand,
20718 has (3,) d, the same as for the third.
So also.in Dy,  In the first set d has ¢, in second and third lines, in second set it

has 24, in second line.

(%) A
—786-43 (2) 23390 788" 77—,
; (3) 24178 308 77—,

(4) 22603 789-15 (4) 23392 178603 |
_a11-03 (1) 22914 % x 78647 (4) 24487

This is a striking example of persistence of the displacement in linked lines. Of
the lines in the second column, the first has the same sequence term as 22603, the
next two have the links v, », but the sequent displaced d,. The line 24178 keeps the
same displaced sequent as these last, and therefore has a normal », to 23392, but the
abnormal to 23390. So 24487 keeps this same d, displaced sequent and so shows a
normal », to 24178 and 2y, to 22914. In other words, if the first line is denoted by
X, the above sets may be denoted by the following scheme —

X—I~r/1

X X (81) +
X (8,) +w X (8) + 20+,

X (31) + 2y,
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(c) This example involves the ¢, d links whose values are respectively 80459,
823'29. It belongs to the D (1) system. The lines enclosed in [ ] are hypothetical
and introduced to indicate the transitions. The relations are indicated by the
accompanying schematic arrangement, starting with 20875 = D,.

2/0’38—{9&* 24 22428 . Dabitoc—Dedrersee
O,v
/\2/2442 ye3f) + B
6%
6 A® .
21642 < 22444 Dgibee(  Dyezird
Fog .
.
> 22444] . (D)4
65!
, 19 s ,
2087/—je8-55 2/660489 35 /22448———825-89 23274 Derd) ——Dy-4) D s ——D)esed
86’ 45
. 18 - :
P e
206/5 4788 -28 20654 ’ D o

It may be noted that in this fragment of a linkage all the links involved are
p-links. A similar preponderance of these in linkages connected with D lines is a
marked feature also in Ag and Au [IV., p. 389].

The conclusion is to be drawn that there is very considerable evidence in favour
of (8) as explaining the origin of these modified separations. 1t does not, of course,
follow that the effect indicated in (1) does not exist amongst the lines of a spectrum.
We know also that the effect indicated in (2) is existent, and we shall find clear
evidence of it in the existence of lines depending on limits which are displaced S{ ),
e.g., in the case of 19928 considered below Further support to (3) is ‘given by the
F separations (p. 370).

The Satellites.—Any allocation of satellites which may be regalded as firmly
established 1s a matter of some difficulty on account of the large number of », »,
separations which enter indirectly as links, and the prevalence of sets depending on
displaced limits and displaced d sequences. The lines in the list for m = 1 are placed
there provisionally and for special discussion, although other lines certainly belong to
the system. Consequently, the denotation D,, is to be regarded simply as a means
of referring to the different sets considered in this communication only, the n giving
the ordinal position starting from 20976 as D,,.

The criteria that these lines should be possible D satellites with the same D), are
that the differences of their mantissee from that of D,; should be multiples of the oun.
Should any belong to another group with limit (yd,) D () their mantissee will be
modified, but the qualification test will still hold with reference to the difference
between their mantissee thus modified and that of the original D,,, for they must all
belong to d sequents and so be oun multiples. Nor will the test be affected by the -
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existence of the supposed cause of the abnormal D triplet separations. The value
of & given by both the S;(1) has been seen to be 249'6 with A/, = 42432,
A, = 47800. The maximum observation errors will be taken as ‘03 A and the
actual O—C error be written —03p. The mantisse for the various D, lines are then

L. 20976 890749—30°82¢+4p,

2. 20875 887648—3066£+4p, 3101 — "16£+4(p,—p,) = 1250—19—...

3. 20871 887520—380'66£+4p, 8229 — ‘16£+4(p,—p;) = 180—16—...

4. 20842 886640—30'61¢+4p, 4109 — 21+4(p,—p,) = 1656—9—...

5. [207638] 884207 —30'50¢+4p, 6542 — '328+4(p,—ps) = 2646—10—...

6. 20669 881350—30'36¢+4p, 9399 — “46¢+4(p,—ps) = 3730—28—...

7. 19928 859258—29'80£+8p, 81496—1'52¢+4 (p,—p;) = 12630—16—...
& 19116 885908—2821£+8p, 54841 —261+4 (p,—p,) = 21930—86—....

The test requires that the expressions to the right of the first term in the last
column should vanish. The effect of any possible value of ¢ is small. Further,
as d 18 probably known within +°2, it is only in the two lines, 7, 8, that it can be
effective towards satistying these conditions. It is clear then that the conditions can
be satisfied within possible observation errors by Nos. 4, 5, 7, 8, and not by Nos. 2,
3, 6, nor by 8, if § requires diminution by as much as ‘1.

Considering 1, 4, 5, it may be noticed that the separations of 4, 5 from 1 are due
to 1634 and 264J. Since 164x8 = 132 and 264 x5 = 131°25, these separations are
in the normal triplet satellite separation ratio. Moreover, the mantissa of the extreme
satellite 884207 = 189 x4678'8 = 189A, within our present degree of approximation
to &. This again satisties the normal rule. It is clear, therefore, that these three
lines form a normal triplet D (1) set. As to Nos. 7, 8, the ratio of separations is not
that of two satellites to 20976 as D,;, although near it. The mantissa of (8), however, is
835908 = 197 x 42431 = 197. A, within our present approximation to J, and suggests
that it is the extreme satellite of another group. Returning to the other lines it
remains to see if they satisfy a test with a displaced D (). Now yd, on D (=)
prodices a change of —4'42y and consequent changes in the mantissee as follows :
13551y in (2), (3), 13418y in (6), 1247y in (8). As 124'80 = 24, it follows that
the test for (8) is unaltered and those for 2, 3, 6 become

—1071ly—19—...=0;  —107ly—16—...=0; —9388y—16—... =0;

whereas in (8) the corresponding condition is not changed, but the mantissa becomes
835924 4+ 2yd, = 197 (4243'1+°63y). In this case a displacement of one oun in the
limit produces the same effect as that of two ouns in the sequent. The test for the
others is very closely satisfied by ¥ = —2, or the supposition that they belong to a
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group with a limit (—24;) D () or with a limit (+43,) D (), decreasing by ¢ the
mantisse of the sequents and requiring '

6—... =03 35—...=0; 89—...;

which again are easily satisfied within observation errors. With regard, however,
to (2), (3), it is not common to find two satellites so close together, and as they both
belong to doublet sets we should suspect that they belong to different groups, and
in fact the condition is satisfied by regarding the limit of 20875 as displaced by —d,
on that of 20871.

We shall consider the conditions more fully‘ later in connection with the more
accurate determination of the oun. The preceding results are sufficient to show
that (1), (4), (5) are a definite normal D satellite on the basis of A, = 4680 +. That
(7) (8) belong to a series probably based on A’ = 4243+1, and 2, 3, 6 to a parallel
system based on the limit (—28,) D () or (8) D ().

T omit details about the satellite e. u, v links, but the following points are interesting.
The line 19116 affords an example of the two displaced D, lines analogous to that
given in 3(a) as explaining the source of the abnormal » separations. In addition
the linked line 2e+ D,; shows the same effect with two lines (2) 2538026, (1) 25382'58.
Dy, Dy are curious as showing successive abnormal u links. Thus

Dy
(1) 18780 1888:61 (2) 20669 1888:37 (4) 22557

D36
(1) 19881 188531 (3n) 21766 188571 (3) 23652'29
369
188940 (3) 2865598
331
(1) 23659°29

The two lines D,, D,; which have been shown to have a relative displacement
of 28, show u, v links to a mid-line displaced &, from each. Thus (3) 2281584 is
194215 or v—'29 below their mean ; whilst (1) 1977852 is 1883'69 or u— 34 below
the mean of Dy, and D, ‘

The satellites for m = 2 are more doubtful on account of the large changes in the
mantissee produced by observation errors. The line 38531 has a mantissa difference
from that of dy, of 1254, exactly the same as in Dy;(1). It should, however, be one of
a doublet with the second line stronger. The others show mantisse differences of
284, 1038, 1244, 22433, which, allowing for the usual changes in the second order,
clearly point to the sets as indicated in the table. There appears, however, no
analogue in m = 1 for 38324. In this case it is important to notice that the »,
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separation 30899 corresponds to the displaced §; sequent for m = 2. It thus supports
the explanation adopted for the triplet modification.

For reference the multiples of the oun giving the satellite separations are collected
in the following table, where d;, d, refer to the first and second line in a satellite set.

m = 1 m = 2
|
n. (Zl dg, n. dl dg
3 121
2 12 12} 5 28 281
3 121 123 ? 103 1031
4 161 16 7 124
5 26% 264 8 . 2243 225
6 373 38 .
7 1261 126 m = 3.
8 2194 220
4 19

KrF.—The F lines form parallel series in which the constant separations depend on
the satellite separations of the D series. In other words the limits are the d (1)
sequents which form thé satellites. Now it has been shown above that the abnormal
triplet separations which the D series exhibit is probably due to the fact that the d
sequent for a given satellite triplet is not the same for each of the three lines, but
that they are subject to a displacement of one or more ouns. For instance where v, is
788 in place of 786 (in round numbers) the difference 2 is due to the fact that d,, is
not equal to d,, but is d, (8,). If the strongest line is to be taken as normal, we
should expect the d,,, or d,, to be normal rather than d,, as D,, is always weaker
than the other lines of a triplet satellite. In this case F, (o) = dy, (&) and the
F separation = F, (o )—F, () = d,, (,)—d;, which is less than the observed satellite
separation by about 2. As a fact we do find these diminished separations. In
searching for F lines therefore we have to examine the spectrum for wave-lengths
longer than d,; and showing as multiplets with separations the same as the satellite
separations or less. In the particular case of Kr these are 100, 105, 133, 213, 307,
1048, 1860,* and we are to expect series which we will denote by F, with » from 1 to 8.
From this point of view it is unfortunate that allowance has to be made for the rule
as to the excessive displacements occurring in the lower orders (m = 2, 3) and that
a complete multiplet, showing all the above separations, is not to be expected. With
Dy (1) = 2097663 and D,() = 51655'56+¢ d,, = 30678'93+¢ = F,(w). The
mantissa of f is in general large, say, beween 7 and "99. Consequently the region
in which F, (2) is to be found is where the wave-number is less than 30768 —N/(2:99)2,

* There may, of course, be others depending on D lines other than those considered in the text.
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or say, <18491, or A >5408. This region is examined for the separations in question
and lists made. Tt is then found that some depend on the same first line, in which
case, théy clearly refer to F or related lines. Several sets are found connected by
one of the ordinary links, which excludes at least one of them as a direct F line. It
is now easy to select a few sets from the lists which seem suitable for the F line.
This with the given F,o gives f(2), and then RyYDBERG'S tables give a rough
approximation to F (3). It is then only necessary to examine the lines near these for
the separations, in order to find the actual F,(3). The result of this examination is
to show that for the first three orders m = 2, 3, 4, the only sets which exist without
displacements in any correspond to the separation 801, with F, lines (1) 1732151,
(1n) 2335384, (3) 26057°20. The formula calculated from these gives as the limit
30678'64. This is only '29 less than dy; and is thus in very satisfactory agreement
with the rule. Using the value of d,, as found from the D series with D ()
= 5165556+ ¢’ the actual formula is given by

. _ . 2

n = '30678'93+5’—N/{m+ ‘877406 —5778¢— 023916m363 35'} :

In this if D () = S (), & = §¢—4'27, but if D () = (=4,) S( =), & = ¢+'15.
The mantissa of the first line ¥, (2) is

865448 — 107268+ 16p = 185 (4678'1—"580¢ + 034p) = 185A.%

within error limits. The lines have been selected as showing the given separations.
Quite independently they give a formula with the proper limit and with the first
sequence mantissa a multiple of A, The evidence therefore for the correctness of the
allocation is incontrovertible.

In the consideration of the notation for the various parallel F series it will be
necessary to determine what is to be understood by the normal separations. If the
latter are to be decided directly from the Dy, (1) lines, the separations must be those
given above. But a glance at the table of I lines will show that there is a consider-
able variation from these, and indeed from one another—due as we have seen to the
great variability in the oun displacements. ~Especially is this noticeable in the
separations given by the D, (1) satellites as 213'38 and 307°27. In place of these we
find values about 2, 4 or 6 less, corresponding to 1, 2 and 3 oun displacements. The
separation 301 is the most frequent displacement from 307°27. Now 4, alters the
separation by 2°03, and therefore 34, alters 30727 to 301°18. That these deviations
from normal values correspond to real F separations can be seen by their frequent
repetition in connection with F lines. See for instance the maps for F, especially
F (5), in Plate 4. '

* 1850 = 204A5+ 38;.
3 E 2
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(1) 17321

(1) 17622-
[20504 -
(<1) 20813-

(6) 17747
(2) 17952-

(2) 17972
(1) 18108"
(1) 18177+
-20

(2n) 18282

[21156°
(1) 21258
(1) 22203-
63

(<1) 23013

(1n) 23353
-29
56

(1) 23659
(4) 25213

(5) 21573
(7) 24390
(4) 23518-

(2) 23340
(1) 23554°

(<1) 23349
(3) 23655

(3) 26057
54
73

(In) 26157
(3) 26189

(4) 26358-
-05

[26270"
(4) 26275
(1) 26065 -

(1) 26265

(2n) 26067

(2n) 26369
(1) 27924

51

73
86]
91
14
16

78
55
75

13]

41
47

84

49
12

301-22
€
309-05+e

205-02

135-77
204-97
309-42
e
102:28+¢
104734 +e
1857-50 +e

305-45
186072
103:68 -1
213:00+d

73* 1048-92-u

79
41

04
98

20

25

16]
27
15

166

36
30

213-62

30694
m = 4.
100°34
13253
301-05
212-96

16-05

304-21

KrF.
[For brevity ¥ (m) is printed as F in each order.]
m = 2.
i (5) 1759417
(38,) Fs (1) 1769504 10087
Fre (5) 20991-16*  213-64+e
(—8) Foe
(1) 1913454
Fy (104y) (1) 19343-33 208-89
(8) F'5 (104y) (1) 19348-50 213-96
(5) 20991-16%  1856°62
Fi (1647 + ) =X, [22317-89] e
(-8) X,y (3) 22448-65 130°76 +e
(38)) X5 (4) 22531-66 21377 +e
(=8)Xs (3) 2417877 1860-88+e
X6
X7 ( - 281).6
(81) Xg.e
m = 3.
F, (3) 2341838
(dv) Fg (4) 23518-73% 10035
Fs (5) 2527806 105968
w.Fy
Fs.d (2) 2350707
u.Fy (1) 23639-82 132-75
(68) F, (-8)  (Inm) 2536706 1860-00
(63) Fs (~9)
(28)) Fy
(268,) Fs
m = b,
1 [27497-70]
F, (9) 27708-28 210-37
¥, (7) 2935789 1860-19
(38)
Fs— 2 (1) 2672789
Fy (7) 26863-38 135-49
F5 + 2% :
Fy+ 32 (4) 2748272 ~15
F+4z (4) 27588-11 105-39
(28)) Fy + 4 (1) 27784-33" 301-61
Fg+ 32 (6) 28535-88 1053-16

1859-15

See also Map F (5).

* At least one a coincidence,
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F (TA)
- By (TAY)
F5 (7A,2),6

(- 28) Fy (514%)
Fs (514%)

(= 28,) F5 (5147,)
Fs (5147,)

F4.6
( - 281) F5.6
( - 231) Fs.@

F, (44')
Ty (447)
F (44V5)

F, (1003 4 )
Fy (IOAIQ + 8)
Fs (10A'; +8)

"
(231) Fy
Fs

a.F,
a.F4
|
Fy

(38) F's
(—28) 'y
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KrF (continued).

m = 6. ‘ m = T.
[28356 47] 7] [28907 8] = %.30791- 40 [F]
(1) 28664-88 30841 Fs  (7n) 2900544 9762 ()T,
(2) 26779-99  307-71-u w.Fg (2) 30791-40 u - Fu
(4) 3021869  1862-22 (~8)Fs (3) 30999°10  207-70+1u Fau
(1) 2836139 4 (-28)F, (3) 31841-03  1049°65+u Fr.u
(6) 28891-63 ~16 ¥,
(n) 28574-61  213-92 (- 28)) F; N
(10) 27525-16  1047-96—u  wu.(-28)F; (3) 2919853 30690 s
. (1) 3087506 99-24+u Fou
. (1) 28340-49 -16 10 (1) 31081-96 306-14+u Fou
(3) 28444-08 103-59 Fs (6) 31823-11+  1047-29+u Fru
i (5) 3263569 1859-87 +u Fsu
m = 8 m =9
[29286-33] [F,] [29552-20] [F,]
(3) 29498-44 21211 o (2) 29857-70% 30550 Fy
(1) 28808-81  309-b b.Fs
m = 10,
[29728-00] [F] [29712-00] : [F1]
(6) 2982386 95- 86 (28) F, (3m) 2984584 ¥,
(1n) 3003653 308-53 Fe (2m) 29926-23 Fy
(2) 29857707 129-70 (28) Fy (In) 30022-82 (=8)F
(1n) 30777901 1049-94 (-8)Fy
* Or (28,) F, (10).
T Or F(9).

I Is probably (—8,) ¥';(7)u. Itis very diffuse and may be both.

It will be most convenient to deal with the multiplets order by order. We are to
expect great displacements in the f sequences in the first two orders—single pairs
displaced bodily—if the analogy with the triplet systems of the alkaline earths holds
in the rare gases. Also throughout the orders we shall find not only in Kr but in the
other gases small oun displacements in the limits, owing to the instability of the
d sequences. : )

m = 2. In the first order there appear only one normal pair F,(2), F,(2); but
vs, v, ¥, Occur in a parallel set linked to the normal by the e link.

The following sets occur amongst others :—

(1)
104906  (2) 18744
(5) 17594 100°87 (1) 17695 ; 98:37 (1) 17692'54
30784 (1m) 18002 9785 (2) 18100
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Here there is an example of », or of v, », appearing as links, omitting 97°85 as a
doubtful connection. The v, is the exact D satellite separation. Moreover, the
mantissa of 17594 is 895149—110'63¢, differing from that of f(2) = 865448 —107°26¢
by 29701—8'37¢+16'5p = 7 (4243°00—"48£+2'3p) = 7A',.  This is a clear displace-
ment by 7A/,, for ¢ cannot be more than a few units and p is a fraction. It is clear,
therefore, that 17594 is F,(2)(74",) and 17695 is F,(2)(74%,). The next two must
therefore be only the linked lines F,(2)(74/,) +vs, +». There is a line (1) 1769254,
separated by 25 from 17695, which might suggest the displacement d, in the limit.
But 2°5 is too large, and the line itself is really a linked line to D,,, viz., (¢) Dy, (1).

(2)
(2) 1797278 185°77 (1) 18108'55; 20497 (1) 1817775; 30942 (2n) 18282°20

e
[21154°13] 10228 (1) 21258°41; 1047-34 (1) 22203°47 ; 1857'50 (<<1) 2301363
This is a specially interesting displaced set in that it contains all the seven

separations, three directly depending on the line 17972 and the remainder on a line
linked to it by the e link. The mantissa of 17972 is 937966—115'6¢, which is
72518—8'35¢ above that of f(2). This is very close to 16A%,+A, =72553. The
line may be written F,(2)(164%,+4,). Call this X;. Then remembering that ¢,
produces 2°03 in the limit and '54 in the sequent, we see at once that in the others,
for 13577 = 133744203 is (—¢,) X, exact; for 20497 =»,—8 is (44,) X;; for
30942 = »;+2 is (—8,) X  The others depend on e+X,. The separation 102°28 is
the mean of v, v, which depend on two d sequents differing by 24,. It may therefore be
written as either (8,) d,; or (—=36,) d,y, we will write it X,;+e.  For 104734 = »,—1 the
displacement is —24, in the sequent, or the line is X, (—24,).e. For 185750 = »,—2°6
and the line is (8,) X;.e.

(3) | (1) 1034383
213'96 (1) 19348°50

(1) 19134°54

822-11 (185662 (5) 2099116

(1) 1995665 30813 (1) 2026478

With 30678+¢ the mantissa of 19134 is 216805—133'50¢ above that of f(2). Tt
is in the neighbourhood of 514/, The whole set of lines are representable as follows

(putting as before ¢ = —1'34) :—

19134 = (=28) F,(2) (514%,—28,) = (=28 Y, (—24,)
19348 = (—23,) F;(2) (514%) =(-28)Y,

19343 = F(2) (514%,) =Y,

20991 = F,(2) (514%,) =Y,

19956 = (—28,) F,(2) (5147,—28)) +d = (—28,) Y, (—24,) . d
20264 = (—28,) F,(2) (5147,—28) +d = (—28,) Y, (—24,) . d
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The numerical agreement is very close, and 19956 is a series inequality in which a
change of 1 makes the two separations 822, 308 exact d and v links.  On the other
hand, as we have already pointed out, 20991 may be a D, line depending on the
limit (78;) D ().

The following points should be noticed in the foregoing allocations :—

(1) The presence of the large displacements in the sequence term by quantities
differing from multiples of' A, by one or two ouns—in this respect quite analogous to a
corresponding effect in the alkaline earths. It seems to point to a kind of satellite
effect in the F series analogous to that shown in the D;, where the main strong line 1s
displaced from the normal satellite depending on a multiple of A, by the addition
of a few ouns. In this case the I satellite is in general too weak to be observed,
except possibly the linked line 22203 = X, (—248,) . e depending on f(2) (174/,).

(2) That where a multiplet line is absent, it frequently appears as a linked e line,
but that the linked line never appears directly linked to the F,.

(3) The line 20991 occurs twice as F;(74';).e and as Fg(5147%,), also its possible
existence as a kind of independent D, line has already been referred to. It cannot of
course be all, and at least two of the suppositions must be due to chance. It is also
probable that such coincidences may occur in some of the other allocations. The
evidence for the general effect is cumulative and not dependent on a single numerical
agreement. :

The F system of the first order (m = 2) have been considered in rather considerable
detail in order to establish what appears to be a very general rule that in many
groups of elements the configurations producing the normal F lines appear to have
been subjected to a sort of explosive effect whereby other configurations producing
J sequents displaced by large multiples of A, are produced. As a natural result the
intensities of the normal lines in the spectrum are diminished since the observed
intensities must depend on the number of emitting centres as well as the energy
emitted by each. We have seen that they are displaced in pairs or sets containing
one displaced F, line, but no attempt has been made to search for sets not containing
the Fi. As we shall see later these displaced sets in the lowest order give a means of
obtaining very accurate data for the determination of the value of the oun. In
dealing with subsequent orders such a detailed discussion is not called for for this
purpose.

m = 3. The normal lines are observed for F,, F, F, and as illustrating the
correctness of the explanation given above for the diminished separation 301 in place
of 307 it will be noticed that the normal D value is shown by the line 23349. The
other F lines of the set do not directly appear, but as in the case of m = 2, they arein
evidence as linked lines. Some of the lines linked to F, (8), are represented in a map
in Plate 5. The denotations of the lines are entered in place of the wave-numbers, which
can be reproduced by adding the given separations, and each can be referred to by
the column and order in the column in which it occurs. Again we have several
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examples where small changes (errors or displacements) in lines make all’ the allied
links take their practically exact values, and so give evidence for the reality of each.
Thus, —1°2 on al give ¢, v,; —1°5 on a2 give u, », and the mean of v, v, (or the line
(=8)F,or (8) F, = Fyy, say); —5 (dx = "08) on ¢4* gives ¢, 3; —1'5 on ¢5 gives d,
v, v These new sets give us representatives of all the lines missing from the direct
normal lines. It is noticeable how the f; sequent persists.

Certain displaced sets are given in the tables. If 23418 is 5 less (dA = "08) the
v, v5 become exact and it is F, (3) (44/;). The numerical proofs of these allocations are
not given, as these displacements have no importance at present beyond the fact that
they exist.

m = 4. Direct lines are found for ¥, n =1, 2, 4, 6, whilst 5 appears displaced
+5°01 = 2x 2750, to observed lines 26265, 26275. There is also a line 26067 ahead of
26065 by 2'561. If this 2°50 be due to some displacement it is probably 2J, on the
limit and some ouns on the sequence, or all by ouns on the sequence. The order is so
high (m = 4) that it is not possible to decide, and it is shown in the tables as a
difference x = 2°50. Linked lines are shown in the map (Plate 5). Again note that
2'5 on F, makes the v, u links exact, and that here again the x appears. Symmetry
would seem to indicate that the true F,(4) or 26057 should be about x less. This
would diminish the calculated limit of the series to a value nearer that given by the
calculated S ().

For m =5...10 the values for F, calculated from the formula are 27498781,
28357747, 2890997, 2928633, 2955421, 29730°00. With &= —134 as determined
later, we should expect values less than these from about —1 for the first varying to
—2 for the last. None of these appear but they have linked lines whilst other of the
parallel I sets also appear directly.

m = 5. No line has been observed at 27498, but there are lines with 1t for F;, Fy,
and others for F,, by a link—a. A value of F, 27497 is Fy—1860°19 and reduces it
1'1 as just suggested.T The connections are exhibited in the map (Plate 4). From
this order and beyond there appears to be a parallel set at a distance 16 units less.
For m = 5, this starts from 2748272 as F. As is seen in the map (¢9) it has a
very large linkage to I lines with similar sets to those connected with the calculated
F.. We may explain its source as a displaced (28) F (), as the difference of two
p-links, b—e¢, or as the direct congeries of F lines depending on 20991 -as an independent
D, line.  In the map the notation depending on the second is adopted. In the list
27482 is written as I, leaving the question of the origin open. The p-links are
particularly prevalent. This was found to be the case also in Ag and Au, the only
elements in which the linkages have been examined with any thoroughness. In

particular the series of successive + and — links from 27497 recalls a similar
* This has been given as a bad Dyi.e.  The suggested change makes the ¢ link worse, which increases

the improbability of its belonging to the D system.
T The calculated is retained however in the map, as the links show the repetitions more clearly.
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arrangement in the AgD (4) linkage shown in the.c, d, e columns of the map for
AgPiii[IV.]. The series is in fact continued further than is shown in the present map.
Starting from 26727 we find a—c+b—d+a—c+a—c (and +d) = 3a+b—(3c+d), the
actual separations being 770'92—803'607+787'51—821'81+4771'07 80366477068
—803°16 (and +825'35). Further, it should be noted that each successive pair is a
parallel inequality, one in excess and the other in deficit of normal value. It means
an increased displacement 24, in each alternate line. But if the observation errors are
small, there appear to be indications of simultaneous displacements in the f sequences
as well as on the limit. In fact a similar phenomenon is indicated in the two next
orders though naturally some elements are wanting. A precisely similar connection
is shown by AgS(3), [IV., p. 382], in a still more striking and regular series of
changes. The elucidation of the laws governing displacements is of the first
importance and should be one of the immediate objects of investigation. For this
purpose examples of continuous series of simultaneous and like displacements will be
of the utmost value. For this reason maps of certain near lines (Plates 4, 5), are
given for all the orders from 3 up to m = 8, but no attempt has been made to indicate
exact displacements involving unity. The parallel series F’ about 16 below F exist
for m = 5, 6, 7. The sets connected with F’ (7) all show the displacement unity. In
the lists the true lines are entered as 1 less for m = 6 and 2 less for 7, 8, 9, 10 (s.e.,
£ about —2) than the calculated values. As is seen it makes the observed separations
more normal and in so far supports the putting of the limit about 2less. Later the
actual change in the limit is found to be —1'34.

KrF. During the work of examining the X spectrum a new type of series,
associated with the F series, came to light. Whilst the known F type depends on
the differences of two sequences d (1)—f(m), the new type has a series of lines whose
frequencies are given by d (1)+/(m). We shall denote the lines of these series by F,
so that F will denote a difference frequency and F a summation.

We have already referred to the general properties of these series in the intro-
duction. Some of the material from the Kr spectrum bearing on the subject are here
collected. In the following lists each order is considered by itself. The examination
has not been exhaustive so as to involve displaced values, but it is believed all the
direct observed lines have been included. A few abnormal ones, with considerable
displacement in the f sequence, have also been entered, as they raised questions which
require future investigation. The F and F lines are arranged in parallel columns.
The mean of the two corresponding lines is entered in thick type between them.
That for the first corresponds to the fundamental limit. The succeeding ones are
given in the form mean of the first+difference, and the difference only (which settles
the denomination of the set) is entered. Thus for m = 2 the first mean is 8067477,
that for Fy, F, is 80976'55 = 3067477 +301'78 and 301°78 is entered. Also over each
line the difference from F, or F, is entered. Notes on detail are appended below the
lists. The evidence is clear as to the existence of a series of the form A+f(m). If
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the limit were the same for both we should expect the mean to be 3067893 + £ instead
of 30674°77. The latter is what should be expected if D () = S ().

TaBLE of F and F Lines.

m = 2. m = b,
1. 17321 3067477 (2) 44028-04 = (35,) Ft | [27498] 3067823 (4) 3385767
53 148-79
5 17376 + 102°10 (1) 4417683
133-77
4. (2) 44161-81
213-27 209-68 214-23
5. 220718  + 211-58 (8) 43433-13¢ (1) 3407190
301-22 30234
6. 17622 + 30178 (3) 44330-38 (2) 3383809 = F,
1033-85 105214
7. 18355  +1043-00 (1) 4508018 (1) 34146-82 = F';
1872-65 1844 _
8. 19194  +1858-40 (1) 4587218
(for the displaced sets see p. 380)
m = 3. m = 6.
1. 23353 30677-27 (2) 3800071 [28357-47] 30675-60  [32993-80]
10A'5 + 8.
1. 23507 30674-76  [37842-45]
2.
10403
3. (1) 3794648
132-75 133-70
4. 23639 (2n) 3312750
5. :
306-41 307-41 303-46
6. (4) 38148-86 28664 (1) 33297-26
1048-54
7. (1) 3889099
1860-00 185962 186022
8. 25367  +1859-81 (1) 39702-07 30218
m = 4 (F). m = T7.
1. 26067 30677-16 (6) 3528668 28907 30674-71 3244162 = ¢.35624-97
, 33442-54 = 0.33228-89
I
3. 28891-63
129-78
4. (1) 35416-16
207-17
5. (6) 3549385
301-70
6. 26369
' 1043-80 1048-78
A (1n) 36330- 48 [F'(7)] 30677 34 (1) 33511-28
18566 185918 _
8. 27924  4+1857-92 (1) 3714586
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m = 2. To the only two direct F there appear two direct F with the same mean 3067477 and
modified separation 301-8. Also there is a direct line to F,. To the linked Fy.e corresponds a linked
¢.F4.  In this connection it must be remembered that all the F are large, over 44000, and an ¢ link would
reach to lines outside the region of observation. Three other sets are included in the list, which involve
displaced f sequents. The second pair give a mean 3067477 + 10210 and belong therefore to the limit
midway between Fy; and F;. But the sequent = half the difference = 13399-95 in place of 1335326,
on the supposition of a common limit. So also the pairs for Fy g show f sequents 1336241 and 13339-01
on the same supposition. '

If the observed 44028 is really (38,) Fy, where F; has the same limit as F;, and may be called the
normal Fy, the mean of the observed Fy and of F; is 30677 - 80, and should give the true value of the limit
subject only to observation errors on the two lines, i.c., within maximum error of 11 with dA = + - 05,
and within s probable error much less. )

m = 3. Fy corresponds to F'; with mean 3067727 +1. 'I'here are some cases of displaced f(3) as in
m = 2. The 10A’, set appear also in F, and as they contain several examples they are placed in the list.
There are two lines 3783636 and 38050°15 (separation 213°79) which as F; and F; give a mean
30671:71. The lines in the list show an unobserved line for Fy, which is the basis for the others, its
actual value is taken as — 38, displacement on 37836. The mean is 3067476 which, on the supposition
adopted above, corresponds to «(38,)F (). Since Fy = (—28)F;, the line 37946 may be written as
normal Fy, giving mean limit = 3067679+ 1. In the 44 set is a line 3979989 = Fg(4AY,), giving with
Fg (44'3) a mean 186019 + 30678-78.

m = 4. There appear no direct F to the F lines. But they occur in the parallel set F'; but as F'y
(28,) ¥y, (38)) s, (281) F'y, F's.  The mean is 30677 16.

m = 5. Here F; and F; appear, but as the mean depends only on calculated F, it is not reliable. If
T, be taken from the observed line 26727-89 by the —a link, the F; line would be 27496-83, giving
mean 30677°25. There are also lines connected with the parallel series F'; which has a limit 16 below
F,. T, = 27482-72 and F'; = 3383809, gives mean 3066040, which is about the proper amount below
F (o) = 30677-80. With this goes 3414682 as F'; with separation 30873,

m = 6. The unobserved lines supposed for the first pair are calculated respectively from the observed
Fy, Fg, and Fy. The line 33297 is (28,) Fs. Corresponding to 3307655 as F'y, the mean limit with F'; is
30658 in place of 30660. With this might possibly go 34018-93 as (33,) F'r.

m="T. F +e= 3562497 gives a mean limit 30674-71. Also with F,+b = 33228°89 gives a mean
limit 30675°12. Also 3351122 an exact F'y with mean 30677 - 34.

m = 8. F,+e¢ = 3524974 gives mean 3067636, but F, is uncertain.

m = 9. I have not found F,, but 32015-37 as F; gives F, = 31802°00, which gives mean limit
30677 10.

m = 10. No F, found, but 3172638 as F, and 3184105 as (- &,) F; gives F; the same value 31625 5.
This gives a mean limit = 30676 75. .

The evidence seems therefore clear for the existence of this type of series.
The Value of the Oun.—For the evaluation of the oun there are at disposal :—

(1) The A,, A; as determined from the S separations. These have given (p. 346) for

a first approximation to J, the value 24980 from », and 249°6 from the two alternative

Vs, v The Vs are so ill-determined that these might possibly refer to values giving

the same J. But the fact that the value of e calculated from A, agrees so closely

with the maximum ordinate in the corresponding occurrency curve (Plate 2, fig. 1)

shows that A, must be exceedingly close to the true value, in which case it is
3 F 2
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improbable that the ‘3 difference in ¢ could be attributed to a single observation error
on each of A’ A, As it has been shown in [IIL, p. 332] that the triplet separation
always shows a slight difference in the ¢ from v, v, it is probable that the same occurs
here also. The evidence there given goes to show that the value obtained from
A+ A; is always closer to the true value. We should expect, therefore, a value
between the two values above.

(2) The evidence obtained from the D qualification test.

(3) The D satellites whose mantissee depend on multiples of A, viz., 19116 on
197 A%, and 20763 on 189A,.

(4) The mantissa of ' (2) = 185A,.

Before however conditions (8), (4) can be applied it is necessary to obtain if' possible
a closer approximation to ¢ from (2). The material for discussion is that given on
(p- 866). We shall discuss it on the two bases of § = 249'60+x and 249°30 +x where
x is certainly not greater than ‘8. The complete conditions are, using the displaced
values (—24,) D (o) for (2), (6) and omitting (3) as parallel to (2),

24960+ 24930+
(2) —24+ '166—4(p,—p.)+ 133 =0 — 65+... =0,
(4) 90+ 21g—4(p—po)+ 1652 =0 4 +... =0,
(5) 100+ '32&—4 (p,—ps)+ 264x =0 21+... =0,
(6) —27+ '466—4 (p,—ps)+ 38Fx =0 —143+4... =0,
(7) 16 +1526—4(p,—p;)+1262x =0 —21'8+... =0,
(8) 8'6+261&—4 (pi—ps)+2193x =0 —56 +...+220x = 0.

It is quite clear that the conditions in the first column cannot be satisfied without
assuming very large observation errors unless x is negative, nor on the right hand
column unless x is positive. In other words, § must be < 249°60 and > 249'30. The
first four equations, however, give no indications of amount, as the multiples of x
are not sufficient to make the term in x more important than the error terms. In
(6, 7, 8) the conditions may be written with & 3 1.

(6) — 27+ 85 + 38k =0  —14'3...,
(7) 16 + 95 +126%x =0 —21°8...,
(8) 86+1061+219%x =0  —56

Nos. (6, 7) require  to be about equal and opposite in the two cases, say, § = 249°5.
This would make (8) give —13'5+2'61¢—4 (p,—ps) =0. This last case offers some
difficulties which we will consider later. For a further approximation we will there-
fore put A, = 4678+, A’y = 4241°386+ 9072 which give § = 249'4933 + 053, and
D,; = 2076325 +dn. Then, (p. 366)

dys = 884207 —30°50£’+30'50 dn+'5 = 189{4678°348—"161¢'+ 161dn+ 002}
S(2) = 86544810726’ +16 p+'5 = 185{4678°098—580¢"+ 086p+ 002}
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Hence
'343—w—'161§/+'161dn +002 = 0,

‘098 —x—"580¢’ + 086 p +'002 = 0.
Therefore
& = —'58—"38dn+20p i'OOQ}A

x = "436+'222dn—"032p +°'003
Here dn depends on an extrapolated value from a Dj line, taken because the v,
showed a diminished value corresponding to the usual satellite modification of »,. If
this is correct dn is the observation error on 21858 and is "14p with dx =+°08. This

is certainly the most & preore probable supposition. If on the contrary hypothesis », is
normal D, is 2155265+ 14p—786"45 = 20766°20 and dn = 295+ 14p. This gives

=—170 —'05p+20p’+009,

&= 1091+ 03p—"03p +003.
Taking now the case of Dy = 19116 we have already seen that a change of yd, on
the limit, or 24, is the sequent produce the same change, so that (yd,) Dy (2¢;) is the
same as Dy, and the D qualification test remains unchanged, although the mantissa 1s

altered by 2yd, = 174°8y. .
Supposing this displacement to take place the mantissa of D is

835908 + 124'8y —28°21 £+ 3p+5 = 197 {4243°188 + '6330y—"143 £ + 015 ps+ 002},

Here again, as in the case of Dy, the question arisés whether the value of the
normal sequent be taken as that of Dy, or Dy which latter is 6,= 624 larger.
The condition then for the exact multiple of A, is

1802+ 633y —"907x— 1438 £+ '015p; (or+62°4/197) = 0.
The two cases give
g=— '58, 1505+ 6330y—020ps+ 03p'+ 015p, (or+'316)= 0}
£=—170, 1063+6330y—"03 ps+03p'+015ps (or+'316) =0

Neither can be easily satisfied with d,s, but with d. the conditions can be satisfied
with y, =—38, —2, for the two cases respectively.*

The remainders in the two cases are —'077 for £ =—"58 and +°113 for ¢ =—1"70.

The list of F lines also give the following which can be used as tests.

(1) (6) 1774714 = F,(2) (104,), 1.e., f(2) mantissa = 195 A,,
(2) (5) 17594°17 = F,(2) (74",), '
(3) (2) 1797278 = F, (2) (16A",+A,).

* See, however, final order below.
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The mantissa of (1), using F (o) = 3067893+ ¢' is
912207 —112°60¢'+ 11 p, + 5 =195 {4677°986 —577£ +05 p,+ 002 .

This requires —'014—2—"577£+ 05 p+"002 =0, or combined with the condition for
S(2), —112+°008¢—"086p + 05p,+ 002 = 0 and can be satisfied within error limits.

The mantissa of (2) 895149—110'63¢"+ 11p, which differs from that of f (2) by
29701 —337¢"+ 11p,—16p" = 7 (4243°00—"48¢£ +1'6p—2'3p’).

This requires 1°61—'907x—"48£+16p—23p’ =0 easily satisfied for both cases
within observation errors.

The mantissa of (8) is 987966 —115'6£"+ 11p;, differing from that of £ (2) by 72518
—8'85¢+11p,—16p. With ¢ = —'58 and —1°70 this becomes 72523°1... and 72582...,
or 17A’,+1%8—28... and 17A’,+133—24... on their respective values of D’,, The
amount 23 is perhaps excessive to be covered by the various possible errors but it just
comes within. It may be noted that 17A’,+138=16A",+A, These three data do not
decisively distinguish between the two cases. This, however, is not to be unexpected
because the two arise from a J, displacement in d,;, the sequents in this neighbourhood
are such that J, on the limit and 24, on the sequent are nearly equivalent, and the
multiples involved 185, 189, 195 are too close to produce contrasts. Incidentally, also,
the discussion strengthens the allocation of the lines to the displacements given.

The only further test with our present knowledge is to obtain some independent
evidence as to the exact value of the limit, and naturally we turn for this to the mean
of the I and F series. The series however in Kr is not nearly so well developed as in
X. As has been already seen there are only three sets of observed pairs (m = 2, 3, 4)
and these give for F () respectively values of 3067477, ...7°27, ... 7°'16. Since a
displacement of §, produces a change of 2:03 in F (=) the first may. be due to the fact
that the line taken for F (2) is really (34,) F(2), when the true mean would be
30677'81. It is natural to seek further as to the existence of summation lines
corresponding to our last three examples. The result shows a most remarkable
The sets are shown in the following list together with those obtained

agreement.
from the normal F and F.
m. F. F (o). F.
2 (1) 173821°51 3067782 (440384'18) (—384,) (2) 4402804
3  (1n) 28353'84 3067727 (2) 3800071
4 (2n) 2606766 30677°16 (6) 35286°68
F,(2) (74%) (5) 17594'17 3067776 (1) 43761°38 F,(2) (74%,)
F.(2) (104,) (6) 17747°14 3067773 (1) 4360833 F, (2) (104,)
F,(2) (164%,+4,) (2) 1797278 38067770 (1) 4838263  F,(2) (16A%,+4,)

These are remarkably concordant, especially when it is noted that the F (3, 4) are
diffuse lines and not so susceptible of exact measurement as the others. The mean
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limit is 3067772 and may be taken as practically correct. That calculated from the
series, and used in the preceding discussion is 3067893 +¢'. This, therefore, requires a
correction of —1'21. The equations A would be satisfied by p =1, dn = 2, ¢ = —121.
As however this value of ¢ is probably correct within ‘1 the best value of A, is
obtainable from f(2), viz.,

A, = 4678°098 4580 (1°21+'1) 4086 x 1 +°002
= 4678'80+°10
A’y = 4242718406
§ = 249'536+°005.

If the difference between ¢ as found from », v, be real and depend on electronic
changes as hinted at in the introduction, the changes calculate to 7394 electrons = 74.
In other words, the v, would refer to mass of nucleus + 37 electrons and », to mass of
nucleus —37 electrons. Is it merely a curious coincidence that the atomic number of
Kr is 38, that of H being 1 ; all the electrons acting in one way for » and in the opposite
for »,? it being remembered that when S lines are emittted one electron at least is
absent. -

Xenon.— The X diffuse system appears to be a most complicated one. As we shall
see later there appears to be a congery of series converging to limits which are
collaterals of S () = 51025, and connected with these there are again congeries of F
series converging to limits collateral to the various d,, sequents or, say, the normal
F (). These F series further show the existence of satellites—in other words the
J sequence is also subject to slight collateral displacements. This renders their
disentanglement a very intricate problem not only in itself, but because it renders
the region of the spectrum involved very crowded, with lines close together, with the
consequence that coincidences occur which may not refer to real relationship. In fact
there are cases where the calculated values of supposed lines of different series are the
same within observation errors.®* This crowding is also increased by the existence of
the allied F series referred to above. The complete discussion of all these related
series should afford valuable material for arriving at a knowledge of displacement
laws. Here it will be sufficient to indicate the nature of the problem and to deal
with the material so far as to give confidence in the results as to the assignment of
series and especially as to accurate determinations of the oun and the various links.

As vacuum tube spectra approximate to the spark type, the difficulty of drawing
definite conclusion from the existence of a triplet separation is again enormously
increased by the presence of the link relations which these spectra show. In arc
spectra the appearance of a » or v, separation may always with some certainty be
ascribed to the fact that the lines in question are directly connected with series terms.

* A case in point is Fy (5) and F3(17) in the series next considered ; also F5 (13) and F; (19).
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Here however no such certain conclusions can be drawn. They may enter as links.
Although their true connection may ultimately be definitely settled the doubt as to
whether they give true or false scents renders the task of unravelling most
bewildering.

In about the region to be expected we find the set

(1) 1988072 177842 (5) 21659°14 81530 (10) 22474°44

showing from their separations and order of intensities an indubitable satellite set of
D; type. Below these come a number of indubitable doublets of D, type, and then a
number of strong lines of D, type. There are also in this region an extremely large
number of lines with separations between 1780—1785 corresponding to the enlarged
links already found in the KrD spectrum. This portion of the spectrum is set out
together with their separations in the following table :—

(2n) 17903-44  (3) 19632 44 1780-84  (3) 21413-28
1772-81  (7) 19676°25 1781-23 (1) 2145748

(1) 1978584

(3) 1981584

(1) 1982947

(1) 19880-72  1778-42 () 2165914 815:30  (10) 22474- 44
(1) 19942-53  1775-45  (10) 21717-98 _
(1) 19959-64  1772-60  (Im) 21732-24 812:77  (6) 22545-01

(3n) 1823860 (1) 1998972 1780-27  (6m) 2176999
177886 (1) 20017+ 46 1783'71}

1783-06 (1) 20021°66 1779-51
(7) 18266-88  (2) 20029- 12
1774-85  (2) 20041-73 1782-55  (In) 2182428
1784:54  (In) 21865-47 178476
(4) 20080+ 93 (2) 23650-23
178602  (In) 21866°95 178328

(10) 2180117

(1) 20107

(1) 20305 60 [ (7)20500°13  1784-68 (2) 2228482
(6) 20312-70 178372 E 177711

(5) 22096 45 1879302
(4) 20320°25 177617 1O ;14.(1)3
1)20333-22 177492 3n) 22108~ 14 {
25; 92044329 (3m) (2n) 17908-89
5) 20454 88 (3) 2052992 1780°35  (7n) 22310-27
8 20467 90 (8) 2055908  1785:64 (< 1n) 2234472
(6) 2047075 (1) 2058164

Before however considering these lines in detail it will be desirable to take here a
preliminary discussion which involves a new fact in series relationships, and at the
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same time will give some reliable data which have a bearing on the present problem
of the actual D and F series. The line 20312 and those in its neighbourhood show
the following sets of separations, viz. :—

1. (1) 17615-06  832-13 (10) 18447-19  1865-51  (6) 2031270
827:92  (2) 18466-47 186675 _
2. (6) 1763855 (1) 2033322
1864-74 (5) 19503-29  829-93
3. (3) 17628-29  831-70 (1) 18459-99  1860°26  (4) 20320-25 (1) 22180-04
: . 1859-179 '
4. (1) 17772-38  835:41 (8) 18607-79 1862:96  (6) 20470°75
' 830°62 (2) 2116384
5. (3) 19503-29  829-93 (1) 20333-22
1864:93  (2) 2219815 (1) 2406212 (<1) 25925°07
186397 1862-95

In the general survey at the commencement of the investigation a large number
of separations of an amount near 1864 was noticed. Suspecting that it indicated
the existence of a second type of sharp series, a second smaller separation (for
‘triplets) was looked for, analogous to the », =815 of the 1778 set. A further
separation was found for a value about 830.*¥ The whole spectrum was searched within
the limits 1864 + 2. The result is shown in the occurrency curve of Plate 2, fig. 3.
This curve is unique amongst those hitherto observed in its great height above the pure
chance line and also in the steepness of its rise and culmination to a single definite
peak. The search brought to light also a very considerable number of long successive
chains and of meshes (see e.g., Nos. 2 and 5 above) of the same amount, proving that
1864 enters not only on its original source, as due to a displacement on some
fundamental sequence, but also as a link. Now the ¢ link of the normal » = 1778
is 187263 and ¢ (88) = 1865'16, thus suggesting a possible origin, also a
corresponding ¢ link for », i.e., a separation produced by a second A, displacement
is 83384, or with a modified ¢ (39) = 83070. These suggest triplets formed by the
same A, A, on p (—A,) instead of on p, in other words, series whose limits are
51025+ 1778 = 52808, 546756, 555094, But the way in which the separations
enter with the suggested D line 20312 indicates that they stand in fundamental
relation to it and neither in a linkage relation, nor with the limits named. For in
the latter cases it would throw out of gear the whole relation of 20312 with the D set,

which some provisional work had seemed to establish. In this work they were
considered as part of the D system through 20312 regarded as a D, (1 ) line with
18447, 17615 as satellites. In this case the d; sequence is of the order 51025
—20312 = 30713. As against this idea is, of course, the greater intensity of 18447,
the supposed satellite over that of the Dy, and also the fact that no normal »

* As a fact, however, there are several others depending on oun multlples also present, but which at
present we need not deal with.

VOL. CCXX.—A. 3 &
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separation occurs with 18447 or v, v, with 17615. But provisionally that was set aside
for the moment. If they represented a special D set, the separations ought to
reappear in a triplet series of the F type, and in the reverse order. From the sets
already excerpted the lines (8) 1860779, (10) 2391572, (5) 26865°19 appeared to
have all the signs (RYDBERG'S tables) of belonging to one series. The formula
calculated from them brought to light a whole long series of observed lines. The
limit found was 30724, close to the value already found (30713) as of the
order of magnitude to be expected. This so far supported the supposition of the
D relation, but there also came to light another result of evident importance in
general theory—viz., the F series already referred to. The ordinary form of a series
is one in which successive lines obey a formula of the type A —¢ (m). In this case -
we find series associated with it whose successive lines are given by A+¢ (m).
This holds for each of the triplet sets, so that the complete series are given by
A+gm, B+g (m), C+¢ (m), where B= A +1864, C = A+1864+830. Quite apart
from the importance of this fact in the theory of spectral series the phenomenon is of
special use in calculating the various constants on which the series depends. For
instance the sum of the wave-numbers of two corresponding lines gives 2A, 2B, 2C,
thus determining the values of the limits quite independently.of the nature of the
series formula used. Moreover, the displacements which so frequently occur in the
F and D series in the sequence term introduces uncertainties. This happens in two
ways. First through the modified v, values in which it is not always possible to say
whether the displacement is produced in the D, or the D, line. Secondly because
the typical line in any order is often wanting and only appears with a very large
displacement of multiples of A, on the sequence term. This effect, however,
provided it occurs for both sets (F, F), does not influence the values of A, B, C
thus determined.  Cases in point are the Kr sets F (2) (74%), F (2) (104,),
F, (2) (16A%,+4;) given on p. 880. In consequence it is possible to determine the
separations B—A, C—B independently of satellite or other displacements. That such
sequence displacements occur in these 1864 series is shown by separations which
deviate from the normal by more than observation errors.

But, further, the difference of two corresponding ¥ and F lines, say F,—F,, F,—F,,
F;—F;, should each give 2f(m), if as is the normal rule the sequence term is the
same for each line of a triplet. When however—as we have seen in Kr, and shall
tind even more markedly in X—there are displacements in f(m) for successive lines
in a triplet, these differences will not be the same, and the observed separations will
vary from the normal values. For instance, suppose f(m) becomes f(m)—x for the
second set, and f(m)—y for the third. The lines are A+ f(m), B+(f(m)—z)...
The values of A, B, C calculated from the sums are not affected, and the real values
of the separations given by A—B, C—B are not affected although the observed
separations are v+, v +y and v—x, V—y. In some cases we shall find evidence from
close lines with different x or y—but the results are quité definite. If, however, in
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the corresponding terms of the F and F lines the fare different, then the value
calculated from their sum shows a change from the normal limit. The effect shows
itself at once and the interpretation is less certain. It is possible that where such an
affect appears it may not be real, but due to the existence of the two close lines
just referred to, of which one in each set is too faint to have been observed. Thus
if the displacements are w, wx, instead of finding B—f+w, B—f+x, B+f—a,
B+f—, the 2nd and 3rd, or the 1st and 4th may not have been observed and we
should be led to a wrong conclusion by taking, say, the 1st and 4th as corresponding

lines. There are cases of this klnd and also where one only 1s absent—u.e., we find one

close doublet for one of the F or F lines.

The lines composing the series are glven in the table below. The limit calculated
from the first three F, lines was found to be 30724'28+1°80, the uncertainty being
due to supposed maximum observation errors of +'05A in each line. The later
discussion of the % (F+F) rule will show that the limit should be very close to
80725'26 with an error probably <'3. The formula was recalculated with this limit
by supposing the three standard lines to be in error by —'02, +°02, —'02, we., by half
their supposed maximum possible errors. The formule for the F, and F, series then

become

‘ 2
n = 30725-26$N/{m+1'022746— 22%7_05} '

List of F and F Lines.

In each order the first line of numbers gives the F set, the second the F set.
Between these are entered the mean values of the F and F which give the corre-
sponding limits. When the values are deduced by methods explained in the notes

they are enclosed in ( ), when calculated and not observed in [ ].

. (3010°35) 1864 - 64 , (4875-09) 830 (5705
1 3072577 - 32590°35 33420
(58441-20) 186450 (60305 70) 830 » (61135
(8) 1860779 186296 (6) 20470-75 82946 (<1) 21300
2 3072605 3258909
(4) 31102-16.c.o* 186317 (< 1) 32965 33.c.0
(10) 23915+ 72 186392 (8) 2577964 82969 (1) 26609
3 3072515 3258928 , 33418
(2) 3753458 186435 (8,) (2) 3940436 82844 (1) 40227
(5) 2636519 186461 u(1) 32362-981  829°67 (29059
4 © 3072458 3258996 . , 33420-
(35083 97) 186616 (36950-13) 83154 (37781
(5) 27696 15 186551 (1) 29561-66 82872 (1) 26257
5 3072548 ' 3258938 33419
(1) 3375481 186229 (<1) 35617-10 831-17  (-8)) (In) 36442

* More probably F, (16).
T Or Fy(21).
3 a2

:00)

35

-70)

21

33
35
37

47)

-67)

20.u

<62
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(28)) (1) 28508-
30725

(1) 32951

(1) 29019
30724
(2) 32429

[29377

55
29

97

32
37
42

-00]

30725-60

(1) 32074"

(1) 29629
30724
(2) 31820

(- 8) (1) 29802-
30725
~(2) 31628

(29967 -

21

10
64
18*

26
20
35

00)

30725-18

(5) 31483
(28)) (6) 30091 -
307

37.
12

25-25

(1) 31369

~23)) (1) 30157-
30725
- 28) (3) 31273"

(4) 30239

30724
(23,) 31219-

01
1s]
(- &)(4)31148'

[80297
30725

(1) 30348-

30725

(4) 31102-

(-8) (<1) 30382
30724
(-38) (<1) 31047

(1) 30421

30725°
(8) (1) 31033

31

45
48
55

16
58
95

28

83
49
16

49
89
46
‘95

06
15

186413

3-81
1865.v6

186499
186342
[1865-39]
186378
1865-33
1865 36
186353
186554
186304
186608
186459
186388
186296
186464
186257
186439
[1865-42]

1864-97
186317
186103

186331

186242

List of F and F Lines (continued).

(-8) (<1) 30357-31
3258986
79

(3) 34815
73

(5) 34817

31
57
84

(5) 30884
32588"
(1) 34292-

(1) 31242
32590
(2) 33937

39
19
99

13)
98
68

(31494
32589
(-28) (3) 33674

(-8,) (3) 31680- 16
3258974
(4) 33493-89

(-28) (2) 31820+ 04*
3259025

(2) 3334945
(—25,) (2n) 31934-91

3258948

(- 28,) (3) 33222-37+
34

18
03§

(1) 32030-
32589
(1) 33148-

(8,) (<1) 3210716
3258806
(- 38,) (5) 3305949

(—8,) (2n) 32166-86

1864 4 82946
80
56
33

(<1) 32213
32589
(<1) 32265
(3) 32248-
1864 + 828-48
(-8, (1) 3227983

3258813
() (1) 32912-71

491

829-
826-

832"
826"
829-

828

831:

825

828
830"
832
827-
830"

828
831

829

828-

829-68 (- 23)) (<1) 33103
-29

* See Fy (11), s more probably (- 28,) (1) 31810-86.
t This line is numerically (28)) F, (12) and (~ 28)) F5(22).
1 F; (13) and F, (19) have same value.
§ Fo(13) and F3(19) have same value,

19
83

82
30
13

31

94

-54

83
27
46
08
81
85

00

86

06

(-28)(<1) 311806:
33417

(1) 35642

(5) 31717

33418

(2n) 35119

(- 8) (1) 32048

33418

(5) (2) 34788

(2) 32326

33418

(4) 34511

(28,) (4) 32525

33418

(5n) 34324

(-28)) (3) 32652

33420-

(< 1) 34176

(—28)) (1) 32787

33419

(1) 34062

(3) 32861

33419-
(4) 33977

(-3, (2) 32994
334

92

18-33

(~8,) (1) 33841-
(3) (5) 33799"

(1) 33754

- (28) (< 1) 33126

33418
*67 and
(8) (3) 33724-

—8,) (3) 33715

74

54

81
59 and
27
54
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List of F and F Lines (continued).

((—28) (<1) 30444-37 . 1861-79 (1n) 32316-13 831-90 (1) 33148-03%
19 3072542 32588-93 33420-61
(2) 3099651 186483  (3)32861°34%  831-84 (3) 3369318
(- 28)) (1) 3046653 1864-01 (5) 32340-48 83069 (3,) (2) 3316552
20 3052560 3258936 ’ 33418'76
(—58)) (1) 30949-88% 186352 (2) 32838-25 828°73 (1) 33666-98
. (8,) (3) 3050324 186471 (1) 32362-98 82868 (=8,) (<1) 3318610 and
91 (8)) (<1) 33197-22
3072407 3258961 3341810
(1) 3094988 186637 (3) 32816-25 82829 (2) 3364454
(~8,) (3) 3051125 1865°32  (35)) (<1)32397-90§  829-46 (28,) (3) 33222+ 37
2 30725-36 32588°60 ) 33421-74
(5) 30933-51 186219 (1) 3279570 830°97 (8,) (1) 33632-32
[30534-18] 186372 (< 1) 32397-90§
23 3072557+ L& 32590-16
(<1) 30916-97 1685 - 45 (8y) (L) 32787-85
£ (+25)) (3) 3055983
24 3072525
(—8)) (4) 30895-10and 1864°66 (1) 32765 29§
(8;) (1) 3090617
‘ (-38) (<1) 30576469 186457 (1) 32426-15 829-45 (3) (3) 33278-20t+
25 30725-68 . ' 3259024
(-8,) (B) 30884 -81** 186455 (28y) (1) 32765 29§
(<1) 30576-46 1864°16 (- 28)) (2) 32429 428§ 82983 (1) 33270-45
2 and (29;) (3) 3245183 .
< 30725-37 - 3258973 33420° 50
(3,) (1) 3087926 1864°55 (- 29,) (4) 3272798 83170  (28)) (<1) 3358184
<~ 8,) (5) 30580'76 186350 4 828-94 (3) 33278-20
27 3072587 '
(- 8,) (6) 3086105 1864582946 (—8,) (6) 335653-33
: (1) 3059563 186411 (4) 3245974 83043 (281) (3) 33301-47
28 3258987
[ ] (2) 32719-41 828:43 (—38)) (2) 33530-9511
(1) 30607-90 186565+ 837°92 (3) 33301-47
29 ) 30725-67 3259000 33419°00
(1) 30843-45 186301 (3) 3270646 830-14 (2) 335309511
50 (28,) (4) 3062149 1864 -+ 829 36 (3) 33304-91
[30839-22] [1861-57] (<1) 32700-79 83016 (2) 33530-9511

* T3 (13) and Fy (19) have same value,
T Fy (13) and Fs (19) have same value.
1 The line is ¥, (21) ; F, (20) may be (4) 30976-73.
§ Coincidences.
| This line is numerically (28) Fy (12) and (- 28;) F5 (22).
§ This line is also ¥, (26).
** This line is Fy (7).
Tt This line is F3(27).
11 Too close to settle.
§§ T'his line ds also Fy (7).
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The lines of the series seem to be exceptionally numerous. The results of the
examination up to m = 30 are given in the table and the notes thereto. There are
certain lacunae—especially for m = 4. In these cases however corresponding displaced
sets are in general observed, and naturally with large values of m this effect is more
frequent. In certain cases where a set is absent a parallel set is observed linked to
the normal type. This is the case for instance in m = 4.

The question naturally arises whether lines exist for m = 1. If so the formula gives
a triplet with the first line at n = 3142, far in the ultra-red. In other spectra these
values extrapolated for m = 1 differ considerably, often by several hundreds, from the
correct. ones. We can only conclude that if there are sets based on"m = 1 they
must be such that F, (1) must be in the neighbourhood of 3100, The matter can only
be settled therefore by other considerations which must depend—with our present
knowledge at least—either on sounding or on the presence of combination lines in
the observed region. The evidence for such a triplet is given below in the notes to
the list of lines. The value of F, (1) found is 801085 corresponding to a wave-length
wm vacuo of 332187 A.U. The mantissa of 3010+dn with the limit 30725°26+ ¢ is
989285+35'9 (dn—¢) = 90 {10998'8—"4¢+4dn}—611 = 90A,—5.  The uncertainty
in A, as found from v, is too large to settle the exact value of this with so large a
multiple as 90, but the fact as it stands that the mantissa differs from a multiple of
A, by only a few ouns is what is to be expected if the series belongs to the F type,
and so far certainly supports the more direct evidence given below for the existence of
the set depending on m = 1. With the value of A, found below dn = —1°5.

A glance at the list will show that the separations observed in the second and third
orders of F are less than the normal values. This points to a satellite effect. The
values of », are 186296, 186392 which show deficits of 154, ‘58 from the true value
as indicated by the occurrency curve. Now a displacement by one oun produces a
change of 125 in m =2, and 50 in m = 3. The deviation is then completely
explained by the supposition of the existence of the satellite effect depending on 4,
The », show similar deficits, which may possibly be due to observation errors. We
should expect to find a similar effect (not necessarily the same multiple) in the order
m = 1. In this order the oun produces a change of 425.

For sounders and for link evidence the data have been restricted to e, u, v links
only. If we may judge from the examples of Ag and Au, the F and D linkages
show a preponderance of the a, b, ¢, d links, and no doubt fuller evidence might have
been adduced by using them, but it was necessary to set limits to the work, as well as
to this communication which is long as it stands. But as examples we may give some
d links belonging to the orders 2, 3 of F,. The value of d is 1973'94. For m = 2 the
lines (1) 2058164, 186485 (3) 22446°49, are 1973°85, above F, and F, +»,, or the real F,.
The two lines (5) 2826821, (2) 82'67 are respectively 64, displacements of 2327544
which is 187523 (or ¢) above the observed F; or 187315 above the normal value
Fi4+v+v,. Form = 3 we find
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(2) 1846647

- 731317
(1) 28341-62 4425°90 .

F, 186392 F, 82969 Fs  4426-43 (2) 31035°76
(4) 28047-34 413162

197586 197470 1970-10

(4) 2589158 1862°76 (2) 2775434 825-00 (4) 28579°43 186494 >

Here F), 25891, 27754 form a series inequality with d+2, »,—2; F, forms a parallel
inequality with 28341 and 28047 with u—2, v—2; 18466, F,, 27754 a series inequality
with d, e; and F; a parallel inequality with v—2, d—2. ‘

As a rule in the list only displaced lines are dealt with and only occasionally linked
ones. The evidence is strong for the existence of possible series with limits 30725
(+24,)—especially = 2—and that for each order most of the energy goes to a line
with one of these limits, not necessarily the same for different orders nor for the same
triplet set, nor for the same F or F type. :

Notes.—A displacement §, produces 4'97 on F, (=), 543 on F,(), and 565 on
Fs (). -

m = 1. The shortest sounder to reach from the calculated F (1) to the observed
region 1s 2e, giving values in the neighbourhood of 17700. In this neighbourhood we
find a triplet (No. 2 of the sets on p. 383)

(6) 1763855 1864'64 (3) 1950329 829:93 (1) 20333°22,

which in separation and order of intensity corresponds precisely to the values required.
With the normal value of e they indicate lines with wave-numbers at 3010°35,
487509, 5705°02. In connection with the question of satellite effect it may be worth
noting that lines in the neighbourhood of the above may be arranged with them thus

(6) 17638 1864'64 (8) 19508 82993 (1) 203883
12:52
............ (8) 1951581
25'53
(5) 17664°07

To complete the set there should be a line at 17651°31, but it was not observed
by Bary. A sequence displacement in f(1) of 84, produces a change of 1276 and
of 68, of 25'53. These are practically exact and correspond to the diffuse satellite
arrangement with this difference, that the triplet appears as a main set in which the
first line is strongest. They depend on 34, 64, displacements, so that the mantissa
of the doublet set, that of 19515, is exceedingly close to 90A,, viz., 90 x 10997°17.

With F,(1) = 3010 should go F,(1)= 58440°'17. This is outside the observed
region on the other side, in the ultra-violet, and requires even larger sounders than
F(1). The treble link 3¢ = 21942°30 requires a line at 36497°87. There is no line
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here but (1) 36493°82 is less by 5, 2.e. = (8,) F(1). We can arrange lines to go with
it as a satellite set, viz.,

[8649890] 186450 [38363'40] 830 (1) 8919340

17:64 17:66

............ (2) 3834576 82998  (2) 3917574
2545 2631

(3) 3647345 186364 (1) 3833709

Here we find the same 68, for F, and F,, whilst in F we had it only for F,. The
set with separation 17 show no F,, and again is numerically an exact oun multiple
displacement, viz., § which gives 17°0. The line found close to the expected—(3,) F,

above—forms part of a chain
(1) 8276529 186447 (3) 3462976 186406 (1) 3649382

It may be the representative corresponding to the satellite displacement ¢, observed
in F for m = 2, 3. :

Using links 2e+u = 1876138 and 2e+v = 190562 we should find lines at 3967879
and 39383'97 with the corresponding lines to F,, F; beyond the observed region. Asa
fact, we find lines at (3n)39683'95 and (1) 89386°98. The first corresponding to a
—4, displacement should give 2e.v.F, (1) = 8967970. The second would differ from
the same displacement by 8 and is therefore inadmissible. It should be noticed that
both the 3e and 2e+wu sounders give lines larger by unity than the expected value.
This may, of course, be due to combined errors in the sounders and observation errors,
but the F are entered in the list as if the sounders are correct. As none of the
F (1) or F(1) lines can be observed, their means can have no weight for an accurate

determination of the limit.

m = 2. The F lines are in the ultra-violet, and should be, with the limit chosen, at 42842-73,
44707-23. With sounder ¢+v = 11742-10 we find the set (4) 31102-16 1863-17 (<1)32965-33
with a small separation corresponding to that for F,. It gives F| = 42844-26 and F, = 4470743,
But the set appears to be really F, (16), ¥, (16).

m = 3. A displacement & in Fy( o) produces 5°42. The F, line is not observed but (2) 39404 is
" practically an exact (—8,) Fy. In further illustration of this we find (2) 37431 - 03 linked to it by —d and
5°61 (i.e. another 8,) ahead in the remainder of the triplet (1)37436:64 828-13 (1n)38264-77. The
lines in question are (—38,) Fy; d.(—28)) Fy; d.(— 28)) Fs.

m =4 Fyis (1) 32362-98 —u = 2822980 which, as referred to above, is also (1) 2625720 + 197260
close to d link. For Fy (-8))(4)29053°89 = 29059:54 or (23,) (1n) 29071-03 = 29059-73 or
(38;) (1) 2907610 = 29059-15. Take the mean 29059-47 as F5. Several other lines in this neighbour-
hood show indications of displacement by multiples of &), i.c. that the energy proper to Fs has gone
into a number of collaterals. None of the direct F are observed but there appears a parallel set displaced
8, viz, (1) 35064:09 1864-34 (1) 3692845 with (1) 37742-12 due to a further 33, displacement.
The F lines are entered as due to these..
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Both separations are about 1-6 too large and further F, is about the same amount too small. Now 28,
on the sequence term produces a change of 1-40. This would indicate that with the 8 displacement
on the limit concomitant displacements of 28, occur in the sequence so that the observed lines are
8) F, (—28)), (8)Fy, (78,)F5(28,). The whole set again is remarkable for connection with parallel sets
separated by the normal », = 1778,

m = 5. There are observed lines for F,.,, F'; is entered as depending on a u link. F; is too large by
about one unit, but Fs — F is normal. This order affords good evidence for the existence of the displaced
sets. Consider the following system of lines :—

186357 (3) 29540-09 83059

O)F (1) 2767652 1-84 (1m) 3037068
, 1865-41  (2) 29541-93 82875 '
19:63 11-81
(28) F (<1) 30382-49
F (5) 2769615 - 186551 (1) 2956166 N
1551 22-26
(-33)F  (1)27711-66  1863-73  (3) 29575-39  829-36 (5) 3040475

(-8 F  (5)27714-80 186968  (2) 29584-48

Here 1-84 is an exact 38 displacement in the sequent. The mesh shows series inequalities with the
vy + v, = normal values. The two lines in question are clearly + 68, displacements on a normal line
(8) Fy. On F, (o), 8 gives 19-88, and 38, 14:91; on Fj, 28, gives 11:30 and & 22°60. These show
how closely all the conditions of the allocations are satisfied. Further, it shows how 29561 has its excess
value and that the normal sequent should be the same as in (8) Fy, i.e., 9 less, thus making its separation
with F = 1864°61. The same sequent change is shown by Fa. Both give it as (63)) /.

m = 6. Again with an even order the F lines do not appear, but there are apparent also a congery of
displaced lines analogous to that in F (5). The lines given in the list give wave-numbers 28498-61,
3036274, 31191-93. On the contrary, F lines are observed although F; has probably been displaced.
These also show evidence of displaced sets, e.g., (1n) 32972-50 1864-28 (< 1) 3483678 is 20-53 ahead
of F,, and & on the limit gives 19-88.

m = 7. The values of Fy (), Fy () as deduced from the means are clearly too small. F, (7) is very
close to the calculated value, so that if any error has been made it is probably due to the F which should
be about 1-8 larger, and suggests a close doublet, ¢.c. a small sequence displacement as in the preceding
sets.. As supporting this there is a line (1) 3242615 which as (8,) F, would give 3243112 making with
F, the limit 30725-22. This corresponds clearly to the normal value. A similar displacement is also -
found in F, in the line (4) 29024-43, which as (- §,) F, gives 29019-46 for F;. It should be noted that
the energy of F; has passed chiefly to the displaced line, whilst in F; most of its energy remains with it
and a fraction passes to the displaced line. This probably means that only a small number of the normal
F; configurations are broken up, whilst most of the F, are. Fj;as (5) 3171713 gives »; too large. This
line and (4) 31705°47 are separated by 11'66 or a 28, displacement, so that there is a concomitant
sequence displacement. A similar effect is shown in F; with two lines (2n) 3511914, (2) 35126-05.
The lines entered appear correct for they give the normal limit, but their half difference shows a displace-
ment in the f(7) sequent. The normal line would appear to be given by (- 28;) Fs = 3513605 making
F; = 3512478 with v, = 831-94. '

m = 8. No line is found for the calculated 29377-00, or 77-23 if we allow the same O-C as for
m = 7. 'The lines (3) 2936841 as (28,) F, and (1) 2940329 as (—58,) F give respectively 2937834 and
7845, which are larger than should be expected. The calculated value has been taken as correct. Also
the lines (1) 3204892 as (58,) F, and (4) 3209820 as (— 58,) F, give respectively 3207376 and 7336 or

VOL. CCXX,—A., 3 H
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a mean of 73-56. But 32048 is also (8)F. This is not a mere list coincidence. As a fact (8) F5 and
(58,) ¥y are very nearly equal, and if both existed would show as a double line too close to have been
resolved. The second line has a separation 186423 to (2) 3396243, and its deduced F; makes with the
calculated I, the limit 30725-18 very close to the definitive value found below. Ior F, 33937:99 is
supported by (—28) F; = (1) 3394871 giving Fy = 3393785, but the Iy ( ») is large and 31242 shows
a separation with Iy of 1865-39 also large. Also (1) 31247-07 as (— &) I, gives Fy = 31241-64 which
makes Fy (o0) = 32589°82 and the separation from F; = 186464 both improved. On the other hand
(—28;) Fy = (4) 3125332 gives Fy = 31242-46 precisely the line observed. These small differences
depend partly on observation errors and sequence or satellite displacements. In the case of 3 and F; the
equally and oppositely displaced lines give the same mean as the lines calculated from them.

m = 9. There seem considerable displacements in the sequences here. The calculated values for the
first lines are 29632-80 and 31817-72. They are not observed, but the corresponding Fj, F; lines are.
There are two near observed lines (1) 2962910 and (2) 3182018 which give the mean 30724-64, which
is small, but (1) 31810-86 = (28,) F, would give 3182079 and the limit 30724-94, close to the normal
value. 31820-18 is then (28,) Fy(11). With (5) 3148337 as (28)F, and (ln) 31505-49 as (- 25))F,
we get respectively Fo = 31494-23 and 94-63. The mean is entered, and a similar - 28, displacement
gives F, as entered. The normal third lines are observed. Probably the F; having the same sequent as
the F, adopted should be that given by (- 28,) F; = (4) 3452764 or F; = 3451637 with », = 830" 83.

m = 10. The allocation seems satisfactory. The limits also are very close to the correct, but the
different triplet separations show that the successive sequents suffer displacement, but the same in each
F, F.

m = 11. The calculated F, is 29966-21. With (1) 2998213 = (- &) F}, F; = 29967-22. Moreover
the last has links ¢ = 7314-34 to (3) 22652-88 and » = 4133°20 to (1n) 25854-02 in very striking
agreement. The value as calculated with normal e is entered. With the lines as entered it is seen that
the means of the corresponding separations for the two series are both normal, although the individuals
are abnormal. This shows that both corresponding lines have the same limit, and the same sequent, but
that the latter shows a displacement from the normal value for the F, set. This is supported also by the
-fact that there are a number of close lines to F,. For instance, (2n) 3333222 and (2) 3333000 as (35,) F,
give respectively 3334851 and 629 for F,. They are probably all F, lines showing sequence displace-
ments. The first gives the triplet separations 186514, 82842 and limit 3258977, the second 186292,
83064 and limit 32588-66. In other words, the first gives F,, with same sequent as in F, and F,, the

second as in F.
m = 12. Note the good agreement—the same ( — 28;) displaced limit for F,. F, and same 28, for F,

and Fs.

m = 13. The two displaced sets give F, = 30167-38, F, = 31283:59.  The calculated
F, = 30166-40. - ‘

m = 14 f0 30. It is remarkable how the series seems to persist to high order. It may be said that
this is only apparently so, because in this region the spectrum is so crowded with lines that it is neces-
sarily possible to select sets near the calculated values. But in truth the reason of the crowding is
because of the series. The F and F lines crowd up together on either side of the three limits, and at the
same time there are different sets of limits depending on the 28, displacements. The spectrum has not
been examined beyond m = 30, and from 14 to 30 the list indicates an allocation without further specifi-
cation. There is, however, much evidence not adduced here to indicate actual cases where sequence
displacement occurs. The calculated values for I from m = 14 to 30 are 3023821, 3029701, 3034573,
3038658, 3042117, 3045068, 3047620, 3049814, 30517 - 35, 3053418, 3054911, 3056232, 3057408,
30584-61, 3059407, 30602-60, 30610-32. The deviation from the calculated values for F,(29) and
F, (29), which, however, gives the correct limit, shows that the sequent f(29) receives a large displace-
ment value, so large indeed as to totally alter its mantissa. The set must be doubtful. The whole set
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are more likely to be (8,) ¥ (30) and (- 8,)F(30). In fact, in this neighbourhood, the difference of two
successive orders in a series is comparable with the change produced by a 8, displacement in the limit, and
so introduces some uncertainty in allocation. It will be noticed also that, in a few cases, the same line is
adduced to fit two cases, which can only happen if a line happens to be a close doublet, an unlikely
supposition to happen often. '

We are now in a position to determine the limits with considerable accuracy.
Taking the average means where they are deduced from actual or displaced actual
values, we find the limits come to 30725340, 32589°443, 38419°079. In the first
attack on the problem values of unobserved lines were deduced from observed linked
lines. The corresponding mean values for the limits then found had for the last digits
5292, 97161, 8918, very close to those determined from the displacements. The
individual deviations from the mean are quite small for F, (), considerably smaller
than for the others. It is, therefore, the more reliable. The mean deviation in
magnitude is 28 and the maximum is —'97 in m =7. We may take it therefore
that the true value of the F, limit is 8072530 within a few decimals. The
separations given by the deduced limits above are 1864°10 and 829°64.

These very accurate values afford a means of testing as to their source. If the
limit were known to be a single number there could be no doubt as to its belonging to
the d sequences, or as to the series being of the F type. But there is just the
possibility that it may be a composite number, comprising one or more links—say, p or s
terms—and that the separations may be due to oun displacements in one of them.
The suspicion that this may be the case is aroused by the fact that the triplet 17615,
18447, 20312, which would be the origin of the d or F (o) term, and in which
therefore the first two lines should behave as satellites do not show complete sets with
the separation 1778, 815, as they should do if normal satellites. Moreover, the
intensity order with the middle line much more intense than the other is not normal.
There is no test for the composite nature of 30725, but if it be really so, the most
probable source would be p =S (), or some near collateral of this. We will
therefore test this as 51025°26 + & where ¢ may be considerable, so as to include near
“collaterals, and also test 30725 as a d sequent. We will take the latter first.

At the start it may be noted that it is an argument in favour of 30725 being
directly the source, that displacements by small multiples of the oun have fitted in so
remarkably closely and frequently in the formation of the list of lines above.

Taking then the limits as 8072580 + £, 82589°40 + £+dy,, 33419°04+ £+dy,+dv, the
denominators are found to be

1'889322—380°74¢
54831 —2'60£+28"14dy,

1'834491—28"14 (&+dwn,)
22914 —1"14¢—1"1dv, +27dv,

1'811577 —27 (+dw)—27dv,

In these £ cannot be greater than a few decimals and will produce no effect on the
3 H 2 "
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differences of the mantissse, which may themselves be affected with errors +1 due to

using 7-figure logs. -
~ The differences may be represented as follows :—

5(10996°8 +5°6dy;—52€+°2) =& = HA,— 4,
2 (10999°0—"5dv, + 13°5dy,+"5) + 66, = 2A,+68,,

where to a first approximation we know already A, 1s 10998 +1. The sum-
=7 {10997'4— "53¢+ "1 +4 (du +dv,)} + 53

Quite small changes in dy, dv, can therefore make the connections with A, exact,
and since the multiples 5, 2, 7 are so small any small errors in the approximate value
of A, can have no effect. If we use the », as found from the occurrency curve 1864°5
dv, = "4, the number in the first bracket is 10999.

The agreement with both is so close to the relation indicated that it speaks
strongly in support of the D origin of the limit, and the outstanding small differences
may be left for the present.

It now the other supposition be tested, viz., that the separations arise froma S ()
source = 5102529+ ¢ the three denominators are found to be

1'466091—14'36¢
26067 —75£+13°61dy,

1'440024—13'61 (&+dw,)
11160—"81¢—"31du, + 13°30dy,

1428884 —13830 (&+dy,)—13'30dw,

and in the 20312 set the S(o) must enter as a negative quantity since the
separations are there in inverse order. In this case ¢ may be considerable. The

differences may be expressed as follows :—
28, +638—53—"T5&+13'61dy,; Ay+d,+9—"31£+133dw,

No permissible values of v, v, can make these both multiples of the oun. If it is
possible to do so by a proper choice of ¢ the latter must satisfy 53+ 75¢= 153m,
—9+°'81€ =153n, where m, n are integers and 153 is the value of the oun. This
Tequires 22 = 47'4m—115n. A suitable solution is m = —2, n = —1, which requires
£ = 480, or, say, series limit = (114J) 8 (). This method of explanation looks then
improbable especially when taken with the more natural one above. It may be
concluded with some confidence that the series in question is of the F type depending
on D series for limits as in the usual way. '

In the suggested lines for m = 1, found by sounding with 2¢ the mantissa of (1)
was found to be 90 {10998'8—"4¢+4dn}—d. ¢ is small and the term involving it
may be omitted. The error dn in 3010 may, however, amount to a few units because
the lines on which it was based were assumed to depend on the limit 30725, whereas
there is the possibility that they might belong to one of the parallel series found in
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the F sets depending on (x8,) (30725). In case, however, of dn being small and the
mantissa involving the term in J, we might expect still to find lines depending on the
904,, as the presence of the J suggests satellites. To get 904, requires a +J
displacement which decreases /(1) by 17°02. In other words lines with wave-numbers
17°02 larger for ¥ and less for F. 'We do not find this completely, but the following
sets are observed, already given in the notes to the list under m = 1.

20,F1 2'6.F2 26F3

(6) 1763855 (8) 1950329 (1) 2033322
‘ 1252
e (3) 19515781
25°53

(5) 17664°07

3e.Fy 3e.Fy 3e.Fs
[36498'90] [38363°40] (1) 39193°40
508 ' ’
(1) 3649382 »
1764 17-66
............ - (2) 3834576 (2) 3917574
2545 2631
(3) 3647345 (1) 38337.09

In which permissible observation errors are dn = +'7. As has been seen the 36493
corresponds to a 4, displacement in the limit. The others to 34,, 63, and & in the
sequent f£(1). The lines 38345, 39175 consequently have their sequent mantissa
exactly 90A,.

Further it was found that (3n) 39683°95 is 2ew.(—d,) F,(1). The next
preceding line to this is (1) 39666°49 or 17°46 behind it, again showing the required
8 displacement and having the 90A, mantissa.

If it be granted that the series is of the F type, the limit must be a d-sequent.
Consequently the mantissa of 30725'80+¢ must be a multiple of the oun. Its
mantissa is 889322—38074¢ = 81 (10998°18—38¢)—104, = 81A,—108, with great
exactness. Let the true value of A, be 10998°20+2. Then if the relation is exact
81le+3074¢+57 =0 or £= —2'63x—"18, = —'38—'07. Now we know that
¢must be a small fraction, certainly <+'5. Hence x must lie between +°2 and
A, = 10998'20+20. We should, therefore, expect this value for A, except possibly
where electronic changes of atomic weight came in, as has been suggested above. If
then the 1864 separations depend on exact 5A,—¢, and 2A,+64, we get as closer
approximations 56dy, = 1'40 or dy = 25 and ‘80+18'5dw, = 0 or dy, = —"05, in other
words v, = 186435, », = 829'59 when the limit is 30725. When this limit is
displaced by yé; these change by 45y, "22y. .
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Further, the conditions for f(1) require 67 —x— 4+ '4dn = 0,0or dn = —1'8—"056¢.
If the sounder 2e was exactly normal this dn must be due to observation errors in
17638 of dx = '5, but the value of ¢ is also subject to some small uncertainty. Inany
case the result shows that the reference line does not depend on a displaced 30725,
for if so dn would be at least 4'97.

Returning now to the discussion of the D series let us consider first this second
group of clearly analogous series of lines :—

I (1)19942°53 1775-45 (10) 21717-98|4. (10) 20636-30 1767-09 (20) 2240339 813-66->(<1}

2. (1)19989-72 1780-27 (6m) 21769-99|5. (2) 20688-96 1785-54 (10) 2247444
{(1)20017'46 178371 6. (1) 20859-23 1784°57  (7) 22643-80

3.

(1) 2003166 1779-51 (10) 2180117 7 = (4) 20962-07 1780-09 (10) 2274216 813-80(1)

They all, with the doubtful exception of 4, 7 have the appearance of belonging to
first, or doublet, satellite sets, in which the second line is always the stronger. The
1780 separations are clearly associated with the now well recognised mid-triplet
abnormality. That it is not itself’ a normal separation is indicated by No. 8 in which
the 177951 also occurs.

In (1) the separation 177545 is »,—2'45. Tt differs from the displaced (8) », by 29
which is within error limits. In this case the limit would be (§) D (o) which is 42°48
less than D (o) and = 50982'81. With this limit the mantissa of 19942 comes to
879711 = 80x 10998'3—4¢;, or 80A,—¢, within error limits. This 1s the typical form
for the second satellite set of a triplet D series, but modified by the 4, displacement,
so common in this group of elements, though here it appears in an apparently first
satellite set instead of the second. We note at present that taking account of the
small corrections, and writing as before A, = 109982+ its true value is 80A,—3,+8
—30'28£+30dn—80x. The observation error dn is < ‘2 in this region and ¢ is
probably <1. |

In (2) 19989 is 47°19 above (1). The change due to the displacement ¢ in the limit
is 4255, whilst J, in the sequent gives 5°05 suggesting that the limit of (2) is the
normal D (), with sequent 80A, With this limit the mantissa is found to be
879853 = 80x10998°16, or with small corrections 80A,—3°'2—30"29¢+ 30dn—80x.

In (3) we have the modified 178371 with the clearly real separation 1779°51 or
»n+161. Now the displacement due to —38¢ on the » is 1°60 which is practically
exact. This gives a limit 31'88 larger or 5105717, and the mantissa becomes 879855,
the same as for (2) and = 80A,—1'4—30'29¢+30dn—80x. The line 20017°46 is 420
behind the other. A displacement of §; in the sequent term produces 5:05. Thus
20017 is very close to a line with mantissa = 80A,—3,, but the difference ‘85,
corresponding to dx = 21, is too great to render the relation exact.

Nos. 4 to 7, although much further towards the violet should not be put aside.
They all show the exceptional separations.
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In (4) the separation is 1767°09 = »,—10'81. If it corresponds to a real » the limit
will be (58) D ( o) which reduces », by 10'7 and makes the limit about 212 less. The
mantissa would be 82A,4+7484+71. This difference (71) from an exact multiple of &
shows this to be impossible.

The discussion of the 1864 series has definitely shown it to be of the F type, and
has given the limit within very small errors. This limit is one of the d (1) sequents
of the diffuse series. Its mantissa was found to be 81A,—2%4d or 80A,+15%3. It
gives one firm starting point for the discovery of the D series. The results just
obtained indicate the lines which through their dependence on multiples of A, give
the origin term of the diffuse sequence. They point, as we have seen, to the existence
of several displaced, or parallel, sets of diffuse series. It is possible to show definitely
that these exist, even if there be some uncertainty as to the lines occupying the
position of Dy, (1). In the normal case with a single diffuse series, the Dy, (1) is always
the strongest line of the series. Also in the normal type the D limit is the same as that of
S—here 5102529+ ¢& When however displacement occurs, the energy of a single line is
dispersed amongst several others, and a line corresponding to the normal may be weak, or
even too faint to have been observed. Asa matter of experience also it 1s found that the
lines of low order (m = 1, 2...) are subject to these displacements in a much greater
degree than those for higher orders of m. Now there are a number of lines, which by
their position and absence of » separations to stronger lines have the appearance of
being Dy, (1) lines. If they are, their mantissee must differ from multiples of A, (in
the present case 80A,) by multiples of the oun. The fact that they may do so-does not
of course prove that they are Dy lines. If they do not do so it proves that they are
not. They may however in the latter case belong to a displaced series, satisfying the
multiple law when the proper displaced limit (yé,) S (o) is employed. This gives us a
- method of testing as to what displacement a given line may correspond. If our
calculus were already fully established the next step would be to apply this test to
the above lines. But in reality we are testing our calculus to see if it can be firmly
established, and our immediate aim must be to obtain independent evidence for the
existence of parallel series. For this immediate purpose it will only be necessary to
.apply the test to two lines, the general question being postponed for the present.

In the first attempt at arranging the D, series the strong lines (8) 2055908 and
(10) 38366°36 were taken for m = 1, 2, and the formula calculated with the limit
D()=8(x). As will be seen immediately, this gave satisfactory agreement with
sounded observed lines up to m = 15; and as a matter of fact this series was used to
test for the parallel sets displaced (+24,) S () on either side of it. Now the formula
constants for a set only vary slightly if the wave-number of the line chosen for m = 1
is changed considerably. This therefore did not prove definitely that 20559 is the
correct Dy, (1), and as a fact it does not satisfy the multiple test. Its mantissa is
897337 —31'14¢& That of the line 19989, which is shown above to be the origin of the
normal D set is 879853 —-3029¢ The difference is 17484 = 283d+71. This is as far
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as it can be from being a true multiple, and it is quite impossible to explain this by
any observation errors in the two lines. For instance our maximum admitted error
can only change the mantissa by 6. If the test is valid therefore 20559 cannot be
Dy, (1). Yet it has all the appearance of such a line. Is it a displaced one ? Suppose
it corresponds to yd. Now a displacement of 4, on the limit changes its value by
10°62, so that (yd8,) D (o) = 5102529+¢—1026y. If p denote the ratio of actual
observation error to the maximum permissible, 2.e., O = dA = ‘05p, the mantissa of
20559 with the new limit is 897337 +3307y+6p—3114¢ The denominator of
19989 is 80A, = 879856+80x. Also 3307 = $34+257. Hence the mantissa of

20559 is
80A,—80x+ 17481 +2y8, + 25Ty +6p—81°14¢

= 81A,+ 1058+ 2y8, + 68— 8La+ 257y + 6p—31°14¢
in which « is small (about +°2). Also from the consideration of 19989 above

—32—80x+ 6p'—30°29¢ = 0.
Eliminating «
| 714257y +6 (p—p')—47¢ = M (153)
in which p, p’<1 and £ cannot exceed about 2.
Tt is not possible to satisfy this with y = 0, +1, or +2.
With
y=3 —6+6 (p—p)—"47£=0,
y=—38 =546 (p—p/)—"47£=0.

If, then, 20559 be a Dy, line it belongs to one of (£38)D (), and is definitely
excluded as a possible normal D;,. ‘

The next line of higher frequency is the weak line (1) 20581°64. Its mantissa
is 898040—31°17¢ = 81A,+1138+7 81w +65p—3117¢ = 81A,— 1135 within error
limits. This therefore passes the D,, test. If it is the actual D), its weak intensity
is due to the numerous displacements for m = 1. 1If it be taken as D, (1) with
the previously mentioned (10) 3836636, and the limit D (), the series formula is

found to be ;
n= 51025‘29-—N/{m-—'988854— 99%14} ,

The lines after m = 2 lie in the violet outside the observed region. To test them
therefore recourse must be had to sounding, only the e.w.v. links have been used for
this purpose. The results are given in the middle column of the subjoined table and
exhibited in diagram (Plate 3). Details are given in the notes following the table.
Lines were calculated down to m = 15 and tested. The result may be regarded as
conclusive in establishing the series, as well as increasing confidence in the method of
sounding—a confidence which reposes not on a single coincidence, but on the
recurrence of a large number of successive ones. As will be seen the agreement



DR. W. M. HICKS: A CRITICAL STUDY OF SPECTRAL SERIES,

between the calculated values and those found by sounding is remarkably close.

399

The

only doubtful case may be that for m = 1. If 20559 be taken for this the formula is
only slightly changed and the agreement almost as good, the calculated value for
m = 3 giving O—C dx = "05 instead of "00.
a diffuse series in which the limit is S (o).

to the respective observed lines.

It is excluded because it cannot belong to

TABLE of Pafallel XD Series.
After m = 2 the wave-numbers at the head of each set are those calculated from
the formula and are not, as usual, enclosed in [ ]. The links are entered as attached

calculated as if the error were on the observed line.
considerably less if calculated on the series line itself.

On the right of each is entered the O—C (d))
They would be less—often

m. (28y) D (). D (). (-28) D ().
1 [20550-58], = (- 23;) 31-06 (1) 20581-64 31-06 [20610-70], = (+28)
e.(2) 2786416 - -06 ¢.(6) 2792653 ~ 99
u.(6) 24683+ 37 -06 u(<1) 2474935 (- &) —-11
v.(2) 2497740 ~-18 v.(5) 2503699 - 96
2 | (2) 38345 76* 2060 (10) 3836636 21-20 [38387-61]
(1) 31033-15 (8;).e  — -02 (< 1; 34251°50.u -02
(5) 33915°20 (- 28,)0 00 (2) 33062 43. ~ 02
or v.(5) 35499-89.c ‘12
[38345-11] 21-25 26940- 63%.6.16 --05
(<1)34212-13. ~-01 or  [38390-24] = (28))
(4) 33908-99 (63)0  —-09 (<1) 31076510 — 07
3 44004-50 = — & 21-94 4402648 21-76 4404820
(<1) 36690°52.¢ -0l (1) 36712 34.c 0 u.(1) 40867 0k.0 -01
(1) 32262 65.e.0 - 02 (2) 39598-95.» - 02 (2) 32304-23 (—28;).ev 03
4 4655799 20-24 4657823 21-43 4659966
(8) 34815°79.e.v 00 [39264-13.¢] (1) 31971-46.2¢ -00
(<1) 34836-78.60 —-05 (1) 27836 93.2¢.u 17
(35130°95).c.u 0
5 47927-39 21-39 47948-78 .21-45 47970-23 _
(<1) 28871-19.2¢.0 00 (<1) 33322-45.2¢ - 18 (2) 36523 41.0.u - 03
(8) 33301-47.2¢1 -°20 (3) 36209-04.e0 — 24 (3) 36229 78.ev --13
: (1) 29189-92.2eu — *29
6 48748-78 21-35 4877013 21-35 4879148
(1) 37300°91.c. 04 (<1) 34140-88.2¢ 09 (4) 34163-39.2¢ 09
(3n) 29692°79.2¢.0 - 02 1) 29710-88.2¢./ — - 06 v.(3) 38589-92.2¢ 09
52) 37320 68.c.u 15
(5) 30005 34.2¢.4/ — +01
7 49280-00 21-25 49301-25 21-25 4932250
(3% 37829°35.6(~ o) 00 (1) 34870-17.2¢ 24 u.(1) 30559 83.2¢ ‘14
2) 37534:58.¢ ( — &;).w -00 (3% 37849-82.c.u ‘29 .
v.}l) 39082 95.2¢ --21 (<1) 375548700 -32
(< 1n) 30444-87.2¢0  -07

- * This is also 3¢.F (1) (3) the 904, linked Fs.
VOL. CCXX.—A.

Tt is probably not (28;) D (2) but hides it.

31
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TABLE of Parallel XD Series (continued).
m. (281) D (o). D (). (= 281) D(o0).
8 49643-23 21-25 49664 -48 21-25 49685-73
(3) 37901 76.0.0 ~ 04 (<1) 35037-31.2¢ —-08 (1) 39193-40.2¢ 3 ~ 19
(<1) 35011-06 (1) 38217-68.6u — -03
15-47.2¢ --03
(4n) 35019-89 (1) 30607 -90.2¢.v 04
(1) 3087926
81:78.2¢.u 00
(1) 3088431
(2) 30588-24.2¢.v --13
9 49902-63 21-25 49923-88 21-25 49945- 31
(1) 38159-20.e.v 09 (35295-68).2¢ 00 (1) 38203-51.e.v - 03
(3) 31139 94.26.u ‘13 v.(1) 39745 63.2 - 04
10 5009430 21-25 50115-55 21-25 5013680
u.(2) 39598-95.2¢ -02 (1) 38689 -81.e.w - 03
(2) 31035°76.2¢.v 24 (1) 38666 62.c.u 11 (<1n) 31076-84.2¢ (—&).v  -07
or ee(d)w ‘0 (31355 28).2¢.u
11 50239°95 21-25 50261-20 21-25 5028245
(3) 38791+ Tl.eu -06 (1) 35637-28.2¢(8;) 03 (1n) 38835-86.0.u ~ 04
(4) 35610°00.2¢ ‘14 (1) 38521-55.¢.0 16 v.(3) 40082 56.2¢ -00
u.(1) 39745-63.2¢ - 04
(3) 3147921 26w - 07
(<1)31180-63.c.e(-8)v 09 (3) 31224°82.e.e( - &) 01
12 5035324 2125 5037449 21-25 5039574
u.(1) 38906 95.¢ —~-06 (2) 35745-69.2¢  -05 (b) 35767 -81.2 ~ 02
(1) 31592+ 28.20.u - 04 (1) 386327260 - -02 (1) 31636-86.c.0(5)u  — -02
13 50443-04 21-25 5046429 21-25 50485 - 54
(3) 31680 16.2¢.u. 15 (1) 35836°52.2¢  —-03 (< 1) 38935-20
38-00.e.u. 01
(b) 31384-86.c.6(—~8;).v — 03 (lng 38720:67.cv - -10 (1) 38940-81
u.(2) 39969-62.2¢ -02 (6) 31725-89.2¢.u (5,) -00
(<1) 31431-51.2e0(8,) - -03
14 5051550 21-25 5053675 21-25 50558+ 00
(3) 38970-66.6( - 6w 02 (3) 31479-21.2ew  -13 1) 39107-56.c(~8)v 05
(1) 35889-37.2¢ 1 - 16 51) 35929°09.2¢ 06
(1n) 31755°50.2¢.u ~-+13 u.(1) 40063 94.2¢ - 06
15 5057468 21-25 50595-93 21-25 5061718
(1n) 38835-86.(3).0  — 06 (2) 35963-72.2¢ 30 (3) 35985°33.2¢(~ 8) - -07
(1) 35949-76.6(8)).e ~ — 07 or %(-8) — 05 (1n) 31755 50.2¢.u -03
u.(3) 4008256, (3).c  — -02 (1) 38852-76.00 06 (<1) 31559 98.26.v ‘10
(5) 31717-13.¢(8;).ew  —-0b

Notes on Tuble of D (o0).—m = 3.

The e linked line has separation 178029 to (4n) 38492,

m = 4. The ¢ linked line is not observed, but it would be separated 178155 from (1n) 41045.
35130. There is no line to this, but it seems split into two as indicated in the scheme

(2) 3512605
3105
(2) 3513605

1776-95

(3) 369

08-00 816-17

(1) 37720-05

24-17

(1) 3772830
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In which it may be noticed that the sum of the separations is 259312, the normal value. The order m
is too large to definitely settle the sequence displacements if in them. They would be close to + 185, for
the first and + 148, for the third. But if the connection is real a better explanation might be modification
of the links, +8, on e.u give the exact numerical agreement for the two Das lines, and ¢ (+38)), u (£ 28))
would give 5°86 where 6 is observed.

m = 5. 33322 has separations 178214 (4), 811-06 (4), the sum being normal.

m = 6. 34140 has separations 1782-92 to (2) 35923. Further, there is 30005 1780-45 (1) 31785
813-4 (1) 32599, in which the sum of the separations is closely normal. The 2e.u and 2e.v linked lines
differ by 341 and 3°05 from the calculated, but are correct if the links & = u(-28,) and ¢ = v (- 23))
are taken. They are inserted since the corresponding normal links occur in other lines and the amounts
are exact.

m = 7. The 2¢ linked 34870 has triplet separations 1784-44 (3), 81373 (3), also the 2¢.» has 1778 14
to intensity (<1). The e.u, e linked lines are inserted although their difference as they stand are so
congiderable, because they all are exact if the links involved are taken as displaced ( — 8,).

m = 9. There is no observed 2¢ linked line, but it seems to have split up-into two, thus

(<1) 2529316 1778°20 (4) 37071-36
9565
(<1) 25298- 14

The two observed lines are numerically Dy, (9) (£ Ay).

m = 10. The 2e.u line is split up into two (< 1) 31350-91, (< 1) 3135966, of which the former shows
177879 (4), 81175 (5). :
It should be noticed how many of the ¢ and 2e¢ linked lines introduce the modified triplet separations.

Notes on Table of (£28,)D.—m = 1. The displacements on the limits would give 2056040 and
20602°89. There is the already noted 20559 near the first discarded for D ( o) because it does not pass
the multiple test. It serves better for (—28,)D, but would require at least an observation error
d\ = — -1 which we have regarded as excessive. There are no observed lines connected by ¢, u, v links
to either, nor near them. Those given in the table are, however, very clear. They make the sequence
term displaced 23, from that of the D series, viz., — 28, for + 25, on limit, and + 28, for — 28, on limit,
i.e., interchange of + 28, for ¥ 28, on limit. In the third series the ¢ and v linked lines differ respectively
bye+1-74 and v—1-70. They form therefore a parallel inequality, and are good evidence in spite of the
considerable difference 17.

m = 2. The limit separation should give for the first series 38345°11, and it apparently exists
although possibly it belongs to a series commencing with 20559. There is clear evidence of a set
corresponding to m = 1, shown by sounding and giving a sequence displacement of —63,. In the third
series the line depending on the limit change alone would be 38387-56. This gives links u+2-85 and
v—2+87 with the lines indicated or a parallel inequality. They are explained by + 28, displacements in
the sequent.

m = 3. Here 0§, as a displacement in the sequent produces a separation of ‘5. The sequent displace-
ment in the first series is therefore — & and + 6, in the third. The line 32304 however shows - 2§,.

m = 7. Modified links ¢(—8&)) are introduced. This is supported by the fact that the two lines given
differ respectively by 237, 2- 32 from values given by normal ¢, whilst the modification of ¢ by 8, produces
2+32. The double example and exact difference give weight to the suggestion.

m = 10, 11. Similarly the modified ¢ makes exact agreement, and they enter in a corresponding way
and in both series.

312
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We can now use this series to test the question as to the existence of parallel
series depending on (+24,) D (o). This does not mean that the sequences must be the
same in each. In fact it is to be expected that there may be a concomitant change
in them also, but they can only differ by a few multiples of the oun. The important
point to notice is that for large values of m, the effects of such differences become
negligible and the observed separations from the standard D should approximate to
+21°25, which is that due to 24, on the limit. It will not be necessary to go into
such a full discussion as in the standard series with D ( o), except for the first three
sets, where the evidence for changed sequence terms with displaced limits is conclusive
and important. The lists and sounders are given in the same table as for the
standard series, in the first and third columns respectively. The considerations adduced
enable us to feel that the ground is safe in recognising that parallel series depending
on displacements on the limit D (o) = S( ) really exist. The evidence does not
depend on a single numerical coincidence of a line, or of a line found by sounding, but
on the fact that-these numerical coincidences appear for so many sounding links in
all the 15 sets tested. This is not affected by the high probability that several of the
sounded lines are chance coincidences. This result then gives more confidence to the
method partially applied above, in the application of the law that the D sequences
must have mantissee which differ by multiples of the oun from multiples of A,, or in
other words must be themselves multiples of the oun. This method consisted in
testing certain lines to see whether by using the displaced limits (yd,) D ( o )—now
seen to really exist—the above relation holds.

The evidence seems to show that the typical lines—D () = S (o )—for m = 1
have been much affected by displacement effects, and that consequently the intensities
of the normal lines themselves are much diminished. Although this is some
disadvantage, it will be well to attempt here to get some insight into the complete
satellite system for the first two orders.

We have seen that 19989 belongs to this normal set with 4 mantissa = 80A, and
that 20581 satisfies the condition necessary for a D, line with this. The difference of
their mantissa (see below) is 2945, If they are of the Dy, D,, types, as is indicated
by the fact that the first belongs to a doublet and the second stands by itself, a triplet
satellite set should be expected whose first line D, is separated from the D,, by about
three-fifths that of Dy, from D,,. Its mantissa should therefore be about 188 = A, less.
This would mean a line about 19623 forming the first line of a triplet. No line is
observed here. There are, however, lines at (1) 19602'66 and (3) 1963244 of which
19602 passes the suitability test for a normal D line, and the other does not. The
mantissa of 19602 is 79A,—4, 7.e., 198 behind that of 19989 and rather too large. On
the other hand the problematic 19628 may be too weak, in which case the corresponding
D,, D; lines which should be stronger might be observable. The D, line should be
about 21400. We do find this, in fact, with triplets of a kind. The whole set of these
lines can then be arranged as follows :—
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(1)19602'66 177445  (3n)21377°11 82104  (2)22198°'15

J
[19628°05] 177790 (2) 21400°95 80953 (2) 22210°48
184
(1) 1998972 1780-27 (6n) 2176999
2939

(1) 2058164

in which it may be noticed that in the first the sum of the separations is the same as
1780°19+815°30, z.e., the modified »,+v, and in the second 809'53 = 815°20—567
whilst a §, displacement on the sequent produces a change of 5°14. With the limit
5102529 + £ the mantisse of the d sequents are—d\ = "05p—

19602, 868240—2973¢+6p = 79x 10998'2—618+6p—29'73¢

19623, 868846 —2975¢+6p = 79x 10998°2—12+6p'—29°75£

19989, 879853—30'29¢£+6p = 80 x 109982 — 3 +6p—30°29¢
20581, 898040—31'17£+65p = 80x 10998°2+ 18184+ 65p—81°17¢

in which p lies between +1 and p’ depends on error of extrapolated line, and may be
>1. Writing as before 109982 = A,—x these become respectively

79A,—8—T +6p—T79x—29°73¢
T9A, —12+6p'—792—2975¢
804, —3+6p—80x—30'29¢
80A,+2938+7 +6'5p—80x—31°17¢

The multiple rule requires that the last four terms in each expression must vanish.
This is clearly possible for small values of p, say <%, and a smgle relation between
x and § say 8x = —3¢

As a further test of the reality of the extrapolated lme 19623 linked lines may be
sought for. There is none for +e, but lines are found close for u, v, e+, viz.,

(6) 23754°27 1177840 (8) with u—2'1 19623°19
(<1n)24053'37 ,  0+21 19623°16
(2) 2450992 . , = 1962382
(2) 3186271 , etw 19620°66

Taking 19628 as Dy, the satellite differences are 2953 and 18J. Since 18x 5= 90
and 292 x 8 = 8925, these separations are very closely in the ratio 5 : 3 in accordance
with the rule for the known triplet series in other groups. The triplet set 19602
appears somewhat anomalous. The middle line appears to have the modification so
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common in the middle set of a triplet, but in the opposite direction to the usual one,
2.e., the sequent to the second line is d (—4,) instead of d ().

The preceding considerations have shown the existence of a complete set of D (1)
satellites. But further, the D suitability test shows that 2030560 may be a D, line
with normal limit and that with it may go two sets of extrapolated triplets in which
the mantissa of the first is a multiple of A, They are

177790 (1) 1779135 816-44
[16013°45]

(8) 1860779
178483 (1) 1779828 809°51
[17725°39] 177790 (3) 1950329 816-96 (4) 2032025
(1) 2080560

The first set, however, involves for the D, the line 18607, which belongs to the
1864 F set discussed above, and is stronger than we should expect. Provisionally we
will suppose the true Dy, is hidden by the F line. The line 20820 has been already
adduced (p. 383) as showing connection with the 1864 separations in a similar way to
20312. The mantissee of the D, lines are (p’ indicating extrapolated lines),
769890 = 70 x 109982 + 16 + 32’ — 25°2¢ = TOA, + 16 + 3'2p' — T0x — 25°2¢,
814815 +42p'—27°25¢, and 889493 +6p—3075& They differ successively by 44925
= 4x 109982+ 138+16+42 (p/,—p) —2'0¢ = 73L5+16+4°2 (p/,—p/,—4x—2°0¢ and
74679 = 12240—17 +6p—42p',—7x—3'5¢& The conditions are satisfied within error
limits that the mantissa of the extreme satellite is 70A,, and that the differences for
the satellites are due to 12238 and 7348, Since 1221 x 3 = 3667 and 734 x 5 = 367°2,
the normal ratio of satellite separations is again reproduced. The evidence is clear,
therefore, for two groups of normal diffuse series depending on 79A, and 704,
respectively.

The fact that 20320 is connected with 1864 in the same way as 20312, that the
v, separation is not good, and that we should expect a doublet here in place of a triplet
rather point to the supposition that it is not a member of the set. For the D,; line
the sequent is 5102529 —16013'45 = 3501184, on this the oun displacement produces
a change of 604 which accounts for the modified », = 1784'83 in the usual way. The
mantissee of the two D,, groups 20581, 20320 differ by 144.

It will be sufficient here to attempt the allocation of the corresponding satellites for
m =2 only. They should be at about the same oun multiple distance from the
D, line as for m =1. The D, (2) has been taken as 38366 with denominator
1'943447. Taking the first group, the satellites should have denominators about 29348
and 4744 less than this. These would correspond to 3820861 and 38111°69. With
regard to the first the lines in this neighbourhood are (1) 3819958, (1) 38203851,
(1) 88217°68, of which the first and third are respectively 9°03 less and 9°07 greater
than 88208, and suggest equal displacements on either side. They are found to
correspond to 3144, 289 from Dy, or 74, on either side of 38208, with errors



DR. W. M. HICKS: A CRITICAL STUDY OF SPECTRAL SERIES, 405

dx = +°02, whilst 38203 corresponds to 3033 with dx ='01. They should form
portions of doublets with lines at 3997748, 39995°58. None have been observed, but
it must be remembered that these are close to the end of the observed region where only
the stronger lines would be seen. Sounding with —(e+u) we find lines (1) 28530°91,
(3) 2854826 respectively, e+w—"71 and e+u+'04 behind the expected D,, lines
showing no lines at », ahead, which should be visible if they existed. We may,
therefore, conclude the two lines in question belong to a doublet set. With regard to
the suspected Dy, line (838111) we find in this neighbourhood ‘

(1) 3813461 178023 [39915°84] 815-20 (1n) 40731704
(1) 8812937 1778-21 (1) 8990758 810'36 (1) 40717794
(1n) 3810860 ﬁ

Calculation shows that the first lines of these sets give with D, (2) separations
depending on displacements 4348 (d\ = 0), 4443 (dx = '01), 4848 (dh = —'03). All
that can be said is that these lines may be the required satellite sets. As, however,
a displacement of 44, only produces a change of about 05 in A it is not possible to get
any certainty. It is further possible that some of the set may belong to parallel
series.  For instance 38108 = (28,) 38129. The first two are, however, so close
dx = 00 and ‘01 that they are entered as D lines.

For the second group 20305 is a 144 displacement from 20581. We should expect
the corresponding m = 2 line about the same displacement from 88366. This is
satisfied by the line (1) 88292'32 giving 148 with dA = —'01. There is also a doublet
(1) 38285°86, 177808, (1) 40068394 with normal separation and displaced 1548 with
dx = '00. The first D (1) is displaced 12244 from its D,; line 20305 and the second
by an extra 7345 If the D, (2) line is taken as 38285 the calculated line with
12238 is 87611°59. There is no line here, but there is a doublet, which with this line
may be written

(2) 87606°15 1780°83

(1) 3938698
[37611'59] 177539

The mean of these two separations is 1778'11 or the normal ». We have here a-
parallel inequality due to 28, displacement in 39386 and an extra 24, in 37606, or
37606 1s 12348 ahead of D,,.

Again calculating the 7834 displacement on 30706 the line should be 87174°40. Tt
is not observed but there is a triplet close to it showing a similar inequality to the
former. It is » -

(1) 87159°39 177438
(1) (1) 88940'81 81367  (<C1) 3975448
1n) 387166°43 1781°42
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The mean of the two first separations is 177790 or exact », and we have an exact
parallel inequality. The inequality is due to two successive 144 displacements, and
37159 is exactly 248 extra on the calculated 87174, or 764 from the first satellite.

The first two orders of the two groups are represented in the following scheme in
which the satellite separations are given as sequent displacements from d,, :—

The 794, group. ' The 704, group.
m = 1.
[19623:05]  (2) 21400-95 (2) 22210-48 [16013-45] (1) 1779135  (8) 18607
4738 485 19535
(1) 19989-72 (6n) 2176999 [17725‘39] (3) 19503-29
2935 122}5
(1) 20581+ 64 145 (1) 20305°60
m = 2.
(1) 38129-37 (1) 39907-58 (1) 40717-94 (1) 37159+ 39
4415 4435 4635 19935 $(1) 38940-81 (<1) 39754+ 48
(1n) 3716643
19787 198} 19835
(1) 3819958
311 | : (2) 37606-15 (1) 3938698
(1) 38217-68  (3) 28548+ 26.0.u 12815 1228
286 288
(10) 38366 36 145 (1) 38285-86

Without dealing with the whole of the material at disposal we will illustrate its
application by considering in more detail the portion of the spectrum given on p. 382
in which the majority of the lines undoubtedly belong to D (1) systems. It is to be
noticed that the effectiveness of the method in the present case depends on the facts,
(1) that the observation errors do not exceed dx = ‘05, and (2) that with m = 1 it is
consequently possible to determine the values of the mantisse to within 6 units in
the sixth significant figures, whilst a displacement of one oun in the sequent produces
a change in X of the order 12, or twenty-four times the maximum observation error.
The limit 51025 being supposed displaced by yd, becomes 5102529—10'62y+¢& The
mantissee of the sequences are then calculated with this limit, and expressed in terms
of A,, 0, « and p where A, = 109982+, and —p is the ratio of the observation error
to the maximum (dX = '05). The series more fully discussed above is definitely taken
as depending on the limit y = 0. In other words the mantissa of 19989 is exactly 804,
which condition requires, writing ¢ for its p,

3'2+80°29¢—6¢q +80x = 0,

and gives a relation between ¢ and x. The term in = in each mantissa is then
eliminated by means of it. There can be little doubt about the allocation of 19889,
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but even should it be in error the doubt does not affect the argument as to the
relative displacements of the different lines, as yd, denotes the displacements relative
to 19889. The final results are given in the following table :—

1 | 19880 80Ag+ 298, — 538+66+14y+ 2846 (g-p) -4, 11 -5 -4
2 19942 80A;~8; withy = 4 4, 11

3 19959 80Ag+2yd; —  8-61+16y+ 06+ 4, 3

4 | 19989 804, with y = 0 0

5 20017 80+ 298 + 138+ 77+ 17y~ 056+ -4, 9 4, - 8
6 | 20021 » + 138452+ 17y— -05¢+ -3, 1 6

7 20029 » + 28 -381417y— 058+ ,, 92, 3 _

8 | 20041 ” + 2380450+ 1Ty~ 076+ , -3 -1 6, 0
9 | 20080 1 + 6480— 24+18y- 116+ 0, - 2

10 | 20107 » +100 -33+18y— 176+ 2, 3

11 20305 ” + 1538+ 14+ 21y — 466+ ,, ; 0, 14 -1, -7
12 | 20312 ” +168 +82+21y— 476+ -4, - 2 3, - 8
13 20320 ” + 16480+ 9+21y— 476+ 0 9

14 | 20333 » +1738-50+22y - -50&+  , 2, 6 -5 -1
15 20443 814g + 28 + 438 — 11+ 24y— -30£+ » 0,- —-11 -6, — 2
16 20454 . + BLIO+41+24y— 308+ -9, -1 5, 8
17 20467 . +-68 —12+24y — 458+ -, 0, -12 -6, -~ 3
18 20470 » + 68 +76+24y - 456+ -3, 4 3, -5
19 20500 . + TI0+T1+26y— 488+ -3 -1 3, — 4
20 20529 ” + 96 +80+26y— 485+ -3, 2 3, )
21 | 20559 ” + 1048+ 71+ 26y — 485+ -8, -7 3 - 4
22 | 20581 » +1138+10 + 26y — 51+ 0, 10

23 | 20596 ” +1248 4+ 11+ 26y + "53¢5+, 0o, 11

24 20636 » + 1448+ 36 + 26y — 1 62£ + ’ -1, 13 4 -13

Of the above (14, 18) must be set aside at once: (14) because it belongs to the
triplet set linked by 2e to the parallel set F (1), and (18) because it is F, (2). It may
also be noted that neither have the prevalent separation 1780 to lines of higher
frequency. Of the numbers on the right of the list, those in thick type give the values
of y which bring the outstanding differences to the corresponding number in ordinary
type. These differences must be due to errors either in ¢ or observation. Since £ is
small, it is seen that they must be capable of annulment by the observation errors
6 (¢—p), and must, therefore, at the maximum be <12. The smallness of ¢ can be
seen from the following considerations which connect it with the corresponding £
(say &) for the 1864 F series. The limit of the F is 30725°30+¢ with mantissa
889322—3074¢. It is a d (1) sequent. If 19989 is a D line with y = 0, its sequent
155102529+ &' — 1998972 = 32035°57 +¢’. The mantissa of this is 879853 —30"29¢"+ 64.
Both being d sequents must differ by a multiple of the oun. Their difference is
9469 +30'29£—3074¢ —6¢ and 1548 = 9470. Hence

30'29¢£—38074¢" = 1+6q,
or,
£=1015£"+03+ 2.

Thus &= ¢+3. Since the 1864 limit is determined as the mean of F and F series
its value is subject to a very small uncertainty and ¢ will be a small fraction.
VOL. COXX.—A. ‘ 3 K
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Consequently in the above list the value of ¢ has no importance in settling the order
of the displacements.

The whole of the foregoing argument is based on the constancy of A, for all series.
This matter has been referred to in the introduction in which the question of what is
to be understood by the atomic weight was brought up. The accuracy in the
determination of the oun is rendered so great by the constitution of the d and f
sequences, that the mass of the electrons connected with the nucleus affect it. It may
be interesting to illustrate the considerations there adduced by a concrete example.
The example we will take is (1), as the result may possibly throw some light on a
difficulty which will appear later. The line 19880 is seen to require a displacement
of —d. Let us determine the transfer of electrons in order to produce a change by
one oun. Suppose this transfer changes x to x+a/. This means that the mantissa
as represented in the list must be diminished by 802/, by putting y = —1.

Hence
o =22= 65  ds= 036

The change in the number of electrons (see p. 342) = 925 x "036/611 x 180 = 1'97 = 2.
The addition of eight electrons to the mass acting in our standard case, would render
19980 a possible D line with limit (—4,) D () instead of a possible one with
(—=8) D (). -

The preceding treatment of the material is only a first step towards unravelling the
intricacies of these D systems. An exhaustive treatment is here impossible, and
would involve the consideration of other data—the -triplet separations, linkages,
similarities of arrangement, dependence on F series and so on. All that can be done
is to give a few illustrative instances and to bring into prominence certain problems
whose solution in the future may be of extreme importance.

(1) The line 20021 is given as requiring the displacement —84; in the limit, and in
this case the mantissa is 804, This displacement increases the limit 51025 by 3188,
and the resulting », should be greater by 8 x *585 = 1'60 and = 1779°50. As a fact the
line (see p. 382) forms a doublet with separation 1779°51, and with intensities 1, 10, in
the proper order for a D,, set. All the tests support each other. Again in the

doublets
(7) 20500°13 178468  (2) 22284'82

(8) 2055908 1785°64 (<1n) 2234472

the same displacements (or of +33,) are indicated. If we suppose these modified
values of » -produced in the same way as in Kr by a relative displacement in the
sequent, the oun in this case alters the separation by 4'91. The modified », therefore
becomes 1779'50+4°91 = 178441, or within error limits of the observed value for
20500, but too small for 20559. That for 20559 corresponds to an extra displacement
of —24, on the limit, or — 54, in all, which is quite inadmissible on the qualifying test.
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The mantisse of both lines differ by an exact 3. This is the natural conclusion, viz.,
same limit, sequents differ by 34, but then the value of 1785 remains unexplained,
and we should not expect to find two Dy, lines of the same group so close together. A
possible explanation is to allot 20559 to the alternative displacement of 38, which
gives » = 1776°30 and to take 28, in the sequent of the second line. This would give
a modified separation 1776°30+2x 4'91 = 1786°12 or 48 greater than that observed.
It may be noted that as they stand the four lines (18 to 21 of list) requiring —34,
displacement have their sequence mantissee equally spaced by 134. The line 20041
also comes into the system with an exact d sequence displacement from 20021.

In an analogous position to the 16013 line in the D (o) set appears the
(—381)]) ( 00) Set

[16044°05] = 178537  (1)17829'41  810°13  (2)18639°54

in which the 16044 is extrapolated from 18639 by the v,+v, = 2595'5. As the oun
displacement on the sequent here produces 6°06, the modified v, should be 177950
+6°06 = 178556, and the modified v, = 816°02—6°06 = 809°96 which agree with the
observed. We may regard the 16044 as subject to the observation errors of 18639,
say d\. The mantissa of 16044 is 769863 = 70 (10998'04—36dX), or 704, as in the
case of D (o).

With the examples here given the arguments from the capability test and the
observed separation agree. Complete sets for (—3,) D () series are obtainable
but are not here adduced.

(2) The line of 19942 has already been considered on (p. 396) as a (48,) D (). Tt
again is a case where the capability test and v, separation both point to the limit
displacement of 43, or 4. The list also gives 19959 asrequiring the same displacement.
‘But it is u.F,(8) of the series below and shows a forward link 1864 in analogy with
these F series. . '

(8) The line 20312 is clearly of special importance. It gives the source of the 1864
separations. As is seen the capability test reqires —43, but there are many difficulties
in the way of properly placing it. It forms part of a strong doublet (6)20812
178372 (5) 22096 in which the intensities are not in normal order. TIf 178372 is
the usual modified », the sequence oun displacement is here 4'98 and the true »
=178372—4'178 =177874. This differs only by ‘18 from that proper to (—24,) D (),
instead of to the —43,, The 1864 separations are greater than in the F series, being
1865°51, 832°18 against those found from the F above 1865'10, 829'64. The latter
were based on the limit 80725°30 on which a displacement of ¢, produces ‘45 in 1864
and 22 in 829. There is clearly here some triplet modification as the ratio of the
separations is not correct. With 1865'51 should go 830°15 or with the given sum
1866°87, 83077. Now —8J, on the limit produces 1865'45 and increase the limit
itself to 30740°21. This should be the d sequent for 20812. If so the D limit should

3 K 2
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be 30740°21+2031270= 5105291 which is 27'62 above the normal and has no
reference to the oun displacement. If 2081270 corresponds to the —44, indicated,
the limit is 5106779 and the d sequent is the difference, or 80755°09. This is the
source of the 1864 separations. It is 2279 greater than the limit 3072530 of the
F series considered in connection with this series and which gave 1864°10 and 829°64.
This limit corresponds to a sequent 6, less displacement or 29'82 greater value which
is practically exact. This present sequent will therefore increase 186410 by 6 x 45 to
186670 and 829'64 by 6x 22 to 830'96. The new sum is 2697°66, as against the
observed 2697°44 in remarkably close agreement. This then supports the —43,
indication of the capability test. A —84, displacement would make the sum = 2697°00
—which though a worse agreement may yet be within observation errors. The same
—34, would make the modified »; = 1779'50+4'97 = 1784°47, or 72 greater than the
observed. One is almost tempted to suspect here an error greater than the ordinary
observation error. An error of ‘36, dA =—"09, would make all three tests agree in
allotting 20812 to the —34, set, and would bring it into the group of lines considered
in Case 1. :

It should be noted that this 20812 line is the line with wave-length 4922 referred
to by Liveing and DEWAR for its peculiar behaviour (see p. 350).

(4) The separations of the triplet 19880 are 1778'42, 815°30. They suggest the
separation —d, to which belong 1778'43, 815'42. The capability test gives —34, and
the two are incompatible. In the D series given below the calculated limit from
the first three lines give the limit as 51045°37 or 20°08 above the normal. With the
~uncertainty in a limit found in this way this is a displacement of — 24, which gives
2125, Further there seems some evidence to show that this line with 20021, 20041,
20312, 20500, 20559 belong to one D (1) group of lines. The evidence consists in the
existence of parallel F sets showing displacements equal to the separations of these
lines. In other words these lines are D sets with the same limit. All these tests
mutually exclude each other. How can their indications be reconciled ? I suggest

(1) The limit for the line is (—4,) D () and the observed v, v, are thus explained.
(2) The capability test is met by the transfer of six electrons indicated above.

(8) It is not the first line of the series in question.

(4) The F separations will be found to offer a natural explanation.

In what has preceded an attempt has been made to allocate normal D series, but
they are clearly not the strongest sets. In my first attack on the D, F problem the
procedure adopted was to take the 19880 triplet as a clear satellite set, and attempt
by the application of RYDBERG'S table to find a series for this satellite series.  The
three sets found were :—

(1) 19880 177842 (5) 2165914 ~ 81530 (10)22474°44

[87888'59] 177790 (1) 39666749 814-42 (2) 4048091
[43801°13] 1777714 [4557887] 81818 [46397°05]
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The second set is near the end of the observed region, and the fainter D, line 1s
extrapolated by the normal », this will introduce a small possible error. The third set
is- wholly outside the observed region and was obtained by sounding. The data are
as follows, the lines used being regarded as linked by e to the first triplet 36487, ... .

[43801-13] ar [45578-87) X [46397-05]
(1) 36487-03.¢ “00  (1n) 38264-77.¢ 00 (1) 39082-95.¢ -00
(1) 29175 18e.¢ (5;) “00 (1) 30949-88.2¢ -08 (<1) 31768-93.2¢ - -0l
(1) 39372710 ~02 (1) 41155- 14 v(28)) -0 (<1) 34659 40.c.0(28,) — 07
(1) 39666-49.u 09 (1) 33841-Thew (28)*  -12

(3) 32351 67.0.u( - &;) -10

} (1) 34126 78.0.u (- 28,)* ~ 12
(<1) 24749-35.c.¢ (37) (8;) — 04

(1) 26814-18.26.u(25,)  -03

The formula obtained from these is

. 2
n= 51045'3’7——N/{m+ ‘898460 — ~02i?04} ,

This was tested to m = 18, with good agreement with the exception of m = 4.
All are in the ultra-violet and require sounding. As the evidence of the efficacy of
sounding already adduced may be regarded as convincing, there is no advantage in
giving further details of the results, especially as no additional conclusions are based
on this formula. : ‘ _

XF.—We are to look for parallel F sets with the same separations as those of the
D satellites. Starting with the triplet 19880 as an undoubted D satellite triplet it
was then attempted to determine the others, by picking out those lines of larger
wave-length whose mantisse differed from that of 19880 by oun multiples. The data
are contained implicitly in the list on p. 407, independently of the form into which the
mantissa are there thrown. It is clear that the above condition is satisfied by all
those which show unsatisfied remainders of the same magnitude as that of 19880—«.e.,
66—within error limits of, say, +6. The selected lines were 19880, 20021, 20041,
20312, 20500, 20559. We have shown above that the second, third, fifth and sixth
of these satisfy the capability test for —38; displacements on the limits, and have also
found some evidence that 20312 also belorgs to this set, although perhaps with a
somewhat excessive observation error. It has also appeared that 19880 cannot
belong to this set, but it has so happened that the satellite separations from it reproduce
themselves in the F series sufficiently well as to serve for identification. We shall,
therefore, use this allocation. The selected lines give separations from 19880
respectively of 140°94, 161°01, 43198, 61941, 679'36. In these 19880 was treated as
if it were a fifth satellite to 20559 and the notation adopted of Fg, ... F, series. Such
series were found, and in what follows I shall chiefly confine consideration to them
leaving aside for the present purpose, with one or two exceptions, the very numerous
other groups which exist. It would not be advisable to suggest a definite notation

* Parallel inequality.
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for these groups until the whole system of D and F series is placed on a secure and
comprehensive foundation. The above notation, therefore, is only to be regarded as
one which in this communication serves to identify certain of those groups here more
specially discussed.

The material was treated by the same method as in Kr, and search made for the
above separations in the region where F (2) lines should be expected. From the lines
thus obtained the actual F lines were sought for, bearing in mind the large sequence
displacements so common in the low orders. In only three cases—those for F,, 5 ¢—
were suitable undisplaced lines found for m = 2, and of these only F; F, gave
observed lines for m = 3. They were—separations from F,—

Fs. Fs. F,.
(8) 1881255 43246 (8) 18380709 619-82 (1) 1819273
(1) 24253'30 43249  (<1) 23820°81
(2) 28108'52 43200 (1) 12767652

For m = 4, F; showed no undisplaced line, but in good position for m = 5 there were
lines for Fy, Fy.  From the three lines for F, the following formula was found

'014730— 10035}2
. .

3074017 +5—N/{m+ ‘986181 —622£—

We can at once apply two tests to this as to fulfilling the conditions for F series.
The limit 30740 must be a d-sequent, s.e., must differ by oun multiple displacement
from some other known d-sequent, and the first f~sequent must depend directly on a
multiple of A,  We already have a very accurate d-sequent found as the limit of the
1864 series, viz., 30725'80+¢.  On this a d, displacement produces a change of 4'97
so that —3d, produces 3072530+¢ +3x4'97 = 3074021+ ¢', and this condition 1is
accurately satisfied by & = ¢ +°04 where & belongs to the present case. For the
second test the mantissa of f(2) is

978816—121¢ = 89 (10997°93—1'36&,) = 89 (A,— 27 —'36¢,—x)

which again 1is seen to satisfy the test exactly. The satisfaction of these two conditions
must give full confidence as to the correctness of the allocation of the F; lines.

From this formula lines were calculated from m = 4 to 27 and the other sets
allocated by their corresponding separations. They are not reproduced here, however,
beyond m = 15, partly because they are only of importance in a systematic
arrangement of the X spectrum, and partly because the lines to be identified are
so close that it becomes a matter of extreme difficulty to allocate them correctly. For
instance, the calculated values of F, (14) and F, (15) are 3006438 and 64°16; of
F,(12) and F,(16) are 30860°47 and 60'29 with many other examples. With the
high orders successive lines become close, and with the large number of separate
series involved the observed spectrum should be expected to be crowded, as indeed

in this region it is.
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The results are given in the annexed table, with notes up to m =7. Numbers in
brackets refer to values obtained—when none have been directly observed—by
connection with linkages or displacement. It may be recalled that a link from an
observed line to an expected but unseen one leads to the inference that the
unobserved really exists, whereas a displaced line, when the displacement is on the
limit, gives evidence only for the value of the sequent f(m), and when the displace-
ment is on the f~sequent, is evidence to that effect alone.

The true F,;( o) is 80740°17 + & where ¢ is small. The other limits will depend on
oun displacements from this. Estimated from 20312—the source of Fj( o )—these
displacements, expressed as multiples of 8, are —21%, —14%, —18%, 94, 123 Their
values can, therefore, be calculated with exactness relatively to F, (). They are

F.. F,. Fs. F.. F. Fs.

30493-11+1-012¢ | 305652-13+1-01¢ | 30740-17+¢ | 31010°41+ -99¢ | 31030-58 + 98¢ | 31172-24 + -98¢

4-910 4-927 4-964 5-030 5-043 5-090
' 5902 24706 517-30 53747 679-13

The numbers below the limits give respectively the changes produced in them by
the displacement of one oun. The numbers in the last line give the calculated
accurate separations of the corresponding F lines from F.

For the first order, m = 2, considerable displacements are to be expected. Only
normal lines for F,, ,, ; are observed. The set (5) 18998740, (8) 19515°81, (7) 19676°25
give close normal separations 517°41, 677'85. Now the limit of F, is 30493°11 and
the denominator of 18998 calculated from this 1s 3'088906—134'3¢, or a mantissa
= 1088906 —134'3¢+24p = 99 (10998°14—1'35£+24p) = 994,  The normal f(2)
sequent is 89A,. There is, therefore, a displacement of 104, in the sequence term.
Further the defect in the separation 677°85 from the normal is 1'28 whilst a &
displacement on the sequent produces 1°11. The lines in question, therefore, are
i (2) (104,), F,(2) (104,), T, (2) (104,—4).

To find a representative for Fy we may test (1) 1833241, 290'35, (3) 1862276 and
(1) 1801831, 289'60, (6) 18307°91 in which the separations refer to that of ¥, F,
viz., 290°40. The mantissae difference for the first set i1s 5740, and the nearest oun
multiple 93¢ = 5804 is outside error limits. That of the second is 42758 and
4A,—28 = 708 = 42770. An observation error of dx = ‘03 would make this exact. The
lines in question may therefore be F; (2) (708), F;(2) (708). So also it may be shown
that 18466°47 is F,(2) (—24A,). '

With the F difference-series occur also the F summation type. As their existence
is a new fact of great importance the evidence available up to m = 10 is given. The
results are embodied with those of F in the table.
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TABLE of the F,.F, Lines
n = 1. vo. n =2 Va. n = 3.
Limit - 3049311 5902 30552-13 | 247-06 3074017
m. ’
2 (1) 5495 (8) 5439
[18133-42] 59-31 18192-73 | 24667 18380°09
9363 52-13 40-92
(42853-85) | 57-68 (42911-53) | 247-91 43101-76) 1
(1n) 25681.u (8;) (1) 2808.¢ (<1) 3187.ew
(5) 5262
18998-40 J | T (104)
3 (3) 4240 0.(3) 3562 (<1) 4196
2357611 59-21 (23635-32) | 24470 2382081
9272 51-83 40-74
3740933 59-01 37468-34 | 251°29 (37660 62)
(3) 267235 (3) 266814 (- 331 (1) 2655-57
4 (2n) 46170 (- 28,)(1) 3826 v.(3) 3250
(26078-04) | 59-25 (26137-29) | 247-86 (26325-90)
92-12 5074 40-01
34906-21 57-98 (34964-19) | 247-92 (35154-13)
(<1) 2864 (38,) (1) 2858 (—28,) (3) 2844
5 (2) 3644 (- 81)(2) 3636 (1) 3612
2743033 58-49 (27488-82) | 246°19 2767652
91-83 5150 40-51
3355333 6086 (33614-19) | 251-18 (33804-51)
(6) 2979 (81) (3) 2973 (=81 (5) 2957
6 (1) 41970 (8;) 353193 (1) 3509
(28242:73) | 5823 (28300°96) | 24706 2848979
94-09 5249 41-07
(32745-46) | 59°26 (32804-72) | 246-90 (32992-35)
(1) 3630 40.v (- 8)) (1n) 3047 (—8) (1n) 3031
7 (1) 3474 (5) 3467 (1) 3445
2877367 5857 28832:24 | 24565 2901932
9306 52-33 39-53
(32212-45) | 59-96 (32272-41)T | 24729 3245974
(~28;) (1) 3098 (4) 3079

* Fo(7) and Fy (9) are coincident.
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fromn =1ton = 6.
V3. n = 4. V3. n = b. Ve. n =6
51730 31010-41 53747 31030-58 | 679-13 31172-24
(8) 5314-15
67913 18812°55
7234
51786 (43371-71) | 536-27 (43390-12) | 678°29 (43532°14)
(4) 2772 (1n) 2546.u (8) (< 1) 2759.¢
(3) 5122 7 (7) 5080
517-41 1951581 677-85 1967625
(1) 5008.u (5) 4145 (1) 4122
51671 (24092-82) | 537°71 24113-82 | 677-19 24953 30
10-58 31-52 7122
51902 37928-35 | 538-89 37949-22 | 67981 38089 14
(1) 2635 (3) 2634 (1) 2624
u.(5) 3253 (1) 3756 (1) 3736
517-35 (26595-39) | 53759 26615-63 | 680-03 2675807
08-22 7237
515-84 3542105 68047 3558668
(1) 2822 (3) 2809
(5) 3576 (1) 3574 (2) 3556
519-81 27950+ 14 | 537-32 27967-65 | 678-19 2810852
: 10-50 30-57 72-33
517-53 (34070-86) | 540-17 3409350 | 682-82 3423615
(38) (4) 2932°72 (3) 293227 (3) 2920
(81) (1) 3475 (< 1n) 4056.u (<1) 4033.u
51755 (28760-28) | 537-14 (28779-87) | 67889 (28921-62)
10-33 30-41 71-78
514-93 (33260-39) | 535-50 33380:96 | 67636 (33421-95)
(28,) (1) 3004-81 (2) 2994 (81) (1) 299074
, (1n) 3413 : (281) (< 1) 3409 (-8 (2) 3394
51491 29288-58 | 536°94 (29310-61) | 67895 (29452 62)*
10°79 3034 7248
520°56 (32733-01) | 537-63 (32750-08) | 679-90 (32892 35)
(- 8)) (4) 3054 (- 28,)(2) 3494w (8) (1) 3037

VOL. CCXX.—A.,

T Coincident values.

3 L
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TABLE of the F,.F, Lines
n =1 Va. n = 2 V3. n =3
m.
8 (1n) 3998.u (1) 4669.¢ e.(2) 3070.u
29134-56 5874 29193-30 | 24656 2938112
92-83 51-92 39-66
(31851-09) | 59-46 31910-55 | 247-11 32098+ 20
(= 8) (1) 3139% (1) 3132 (4) 3114
9 ©(28,) (1) 3400 (-8,)(2) 3394 e.(81) 3045.
(29393-35) | 59-15 (29452°50)* | 24758 (29640 93)
9282 51-90 41-04
31592-28 59-01 (31651°29) | 24887 (31841-15)
(1) 316443 (81) (4) 3632.u 8, (1) 31391
10 (2) 3379 (3) 3918 (81) (1n) 3350
29584 - 48 60-21 (29644°69) | 24812 (29832 60)
9258 52-20 40-44
31400-68) | 59-04 (31459-72) | 247-61 (31648-29)
(-28,)(3) 318474 (8) (2) 3177 (~28,)(2) 3160
11 (1) 3362 (1) 3942.0 () (5) 3332%*
2972758 59-41 (29786-96) | 24735 (29974 -93)
12 (3) 3349 v.(5) 2912 n(<1) 2896
2984317 58-88 (29902-05) | 246-94 (30090-11)
13 (1) 3339 (5) 3332 (<1) 3312
F (24,) 29934+65 60-16 2999481 | 247-01 3018166
or (8,) (1) 3339-37 (-28) (1) 3334 (- 28;) (1n) 3313
2993242 59-57 29991-99 | 247-34 3017976
14 (5) 3331 (28,) (2) 3303
30005 34 [30064-38] | 24717 3025251
15 (1) 3318+t (<1) 3298
[30064-16] | 5904 30123°20 | 248-14 3031230

* Fe(7) and ¥y (9) are coincident.

t Coincident values,
I May be either.
§ Coincident with (— 28;) Fy (12) of 1864 series.
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from n = 1 to n = 6 (continued).
Vva. n = 4 V3. n=2D5 Ve n =6

(—28) (1) 3354

517-37 [29651-93] | 536°65 [29671-21] | 67780 (29812- 36)

0997 2970 7158

516-92 (32368-01) | 537-09 (32388-18) | 689-72 32530 81)
(- &) (1) 3089 , (81) (3) 3537.u (=8 (4) 3073

v.(<1) 2911-38 (28:) (2) 3339°00 , u.(<1) 2922°62

516-71 (29910-06) | 537-23 (29930-58) | 679-52 (30072 87)

10-32 30°65 - 7287

51830 32110°58) | 538-45 (32130-73) | 680-55 (32272-83)t

(8,) (3) 3112 (-38)(3) 3112 (- 28) (1) 3098
(28,) (6) 33228 (1) 3318) (2) 3303

51670 (30101-18) | 538:72 30123°20 | 678°20 30262 68

10-90 3044 71-176

519-93 (31920-61) | 537-00 (31937-68) | 680-16 (32080- 84)

(- 28) (1) 31329 (2) 3595.u (81) (1) 36140

(- &) (4) 3306 (2) 3303t (5) 3288

516°61 (30244-19) | 535-10 30262°68 | 67717 30404+75
.(2) 2873 (<1) 3290 (- &) (3) 3276

51713 (30360-90) | 539-32 3038249 | 678°26 (30521-43)
(38,) (1) 3281 (4) 328066 v.(8,) (2n) 2852

516-79 (30451-44) | 538-38 30473-03 | 67854 3061319
(-8 (<1n) 3283 (<1) 328094 (28,) (4) 3264

516-98 | 3044940 | 538-01 30470-43 | 678-89 3061131
(3) 3273 (1) 3258

[30522-68] | 538°53 30543-87 | 679°30 30684- 64
(-8)(<1) 3269 (8) (4) 3264 (28;) (3) 3250

517-33 (30581-49) | 537-17 (30601-33) | 677-56" 3074372

|| s (10) and F5(11) are coincident.

9§ This line is F, (8).
** 3332 is Fy (13).

1 ¥5(10) and F, (15) coincident.

3 L 2
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In this table under each order the first line gives the wave-length of the observed
line to the last lc&ngstrom, its intensity, and, where necessary, the displacement or
linkage to be applied. The second line gives the wave-numbers of the F lines and the
thick type the separations from the F, line adopted. Up to m = 10 the fourth line
gives in the same way the wave-numbers of the F lines and the fifth the corresponding
wave-lengths. In the third line the numbers give the mean limit & (F+F), but only
the last four significant figures are entered, the complete calculated values being given
at the head of the table.

Notes to Table.—m = 2. For Fs in addition to that given there are (- 28) (1) 38632:72.0 = 4310120,
(88,) (1) 38687-71.v = 01-53, (8) (1) 38988-33.u = 01-27, (8;) (<1) 38973-59.4 = 01-71.

m = 3. The linked F, agrees with (38;) (2) 23656079 = ...35°79. The linked F, with (35,) (1) 2407741
and (- 68,) (1) 2406212 both of which give the same value ...92°30.

m = 4. Thelinked I'; agrees with ( — 65;) (1) 26048-86 =...78:32. For Fy,(28) (1) 2614789 =...38-06
is closer to the calculated value ...37°95. Fyhasalinkv = 4428-62. For ¥y, (— 28,)(3) 2674454 =...54-72
is only -26 greater than the calculated value. Most of the observed lines of this order are one
or two units larger than the caleculated. Fs is also given by (38;) (< 1) 3767575 = 60-66. For
Fy, (- 81) (2) 35417-16 = ...22°19 gives separation correct. For Fg (—8;) (1) 35568098 = ...86-07 gives
much closer separation.

m = 5. ForFy, (28;) 2749889 =...88:03. ForF,,¢.35261-18 = 27947 18 and (38;) 2796359 =...48°50
both give better separations. Fj shows a series inequality with - (u+3-28) and w—2-93. TFor Fy also
() 2811358 = ...08-49 and () 2813398 = ...13:62. F, is a strong observed line which makes the
mean limit ...9183 too small and some of the other separations too large. (- 28) 3354455 = ...54-37 or
(—68;) 335630°95 = ...55-50 are better. The latter makes mean limit ...92- 92 practically exact, and the
separations 5870, 249-00, 538, 68065 all much improved.

m = 6. All the F are in good agreement with the calculated except for Fo. Tor this
€.35617-10 = 2830300, but too large. Also 2833560, 28305°20 differ by 30-40 and 65, gives 29-58.
Near Fy 3272798, 3276239 differ by 34-41 and 73, gives 3437,

~ 38, on the first or & on the second give 32742-71 a better line for F as it makes the limit
sum = 92°77 and gives better separations with Fy 4 ;. There are clearly two sets with probable displace-
ment in the f sequent. With the Fy in the table would go better (— 68;) 3323222 = ...62°39 for Fy
and (- 6;) 3337817 =...83-21 for F5. The linked Fy agrees with (5;) 3342704 =...21-95.
© m = 7. This presents several interesting points bearing on general theory. We may consider F; as
correctly allocated since it differs only 55 (dA = -06) from the value calculated from the formula, but it
is coincident with ¥y (7) of the 1864 series. Judging from the separations which are too small (except F)
the observed I is from 1 to 2 too large. This F = 2877367 would seem to give some insight into the
connection between sequent displacements and concomitant limit displacements or linkage attachments.
Thus this line has relations with displaced limits with the two lines 28788°83 = (—33;) F+ -43 and
2873340 = (23) F — - 99 very close, but scarcely sufficiently so to exclude the probability of small sequent
displacements. Further, it is linked forwards and backwards with all the three links ¢ w.v as shown in the
following scheme on the left. The 24638, 32912 form with Fy an exact series inequality. Now a series
inequality indicates that in the successive lines each is displaced from the preceding by the same amount,
in this case about 153,. The whole set may then be arranged as indicated in the right-hand scheme
where X = 28771-80 = 2877367 (- %) and % denotes the displacement (%158;). The & may be the same
for the different links within observation errors,* but probably not. If we take X as normal F; the other

* To make exact it would require the following :—78 gives 1-84; 48, 1-°05; 83,210 ; 93,236 ; 33, 79.
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separations become normal also, but as they stand F; and F give the true mean limit. In other words
they have the same sequent, or the sequent is modified in the same way for both. The normal F; should
be as much greater as the normal Fy is smaller, and we do find such indications. The value given for Fy
was found as the mean of two observed lines 3221110 and 3221380, supposed as * displacements from
the true line. If 32213°80 be taken as normal Fy it gives as mean limit with X ...92-80. The whole set
of F and F in this order affords good illustrations of the remarks on p as to the general properties
of these series. All the F lines show link connections. Thus Fa —(u~-1), u—-1; Fs, +u—--73;
Fyy —(u—-32),u-2"33,v—-9; Fs, +v+1°7; Fo, +u+-2.

21456, 21462 eX, .X (2k)
e—29+2-38 :
24638 32912 w. X X (2k).u
u+1-87 u+1-86 ,
" ; X (k)
v-70 v+2:06 . ‘
24346 33203 vX () - X (2k)v
e—44'0
36083 X(-k)e

In the preceding table the wave-numbers where deduced are entered as depending
on one given line. But in nearly all cases these are substantiated also by links or
other displaced limit lines. Although in an exhaustive treatment of the spectrum all
these must be considered, this is not required for the illustration of general theory,
and the notes do not go beyond m = 7. The number of the associated lines is
remarkable. The proof of the existence of these lines depending on other d sequents
as limits is so important, as a matter of general theory, that a large number have been -
adduced up to m = 7. To go beyond would be to overload the present communication
with detail. The prevalence of the w.v. links over ¢ may be noted in the F series.

In dealing with the 1864 series the mean of the common F and F limits for different
orders was treated as giving the true value within a very small possible error of
about £="3. It may be interesting to see how in the present cases the corresponding -
averages deviate from the values which have been established on the 1864 basis.
The mean values found from the tables and expressed in terms of differences from the
adopted ones are ‘26, ‘24, —'33, "06, ‘05, '15 and justify the supposition of the small
limit of error in & The mean separations as found from the same 10 F lines deviate
from the correct values by ‘02, ‘86, "05, "06, '11. The large deviation ‘86 is due
chiefly to the uncertainty of the displacement in Fj (3).

The preceding discussion is sufficient to show the excessive number and
complication of the lines belonging to the F systems in this neighbourhood and that
the complete problem has only been touched upon. As however the allocation of the
extrapolated lines 16013 and 16044 as extreme satellites of D series based respectively
on D(w) =8 (o) and (—34,) S () is important, it will be well to consider shortly
if corresponding F series can be indicated. The two lines referred to give the same
d sequence, depending on a denominator 1+70A, This makes d (1) = 35012°30.



420 DR. W. M. HICKS: A CRITICAL STUDY OF SPECTRAL SERIES.

Taking this as F () and using the f(m) sequences as given by the formula (p. 412)
it is possible to calculate the positions of the lines in question. The results are given

down to m = 8.

F. F.
m. - : 35012+ 30. _
Calculated. Observed. Observed. ;\I Calculated.
—
2 22652-26 ...(3) 52-88 11-98 (...71-08) 4737234
3 2809294 (...93-54) 11-85 (-..30°16) | 41931-66
4 3059443 ..(1) 95-63 1350 (..31-36) | 39430-17
) 31948-38 (...47-00) 12-02 (...77-05) | 3807622
6 32763°63 ...(1) 62-39 12-76 «..(ln) 63-13 | 3726097
7 32292-00 (-..92-05) 12-14 (--32:23) | 3673200
8 3365380 ..(3)53-04 | 36370°80
[Note.—8; displacement on F (oo) gives a change 6-045.]
2. F requires sounding. (2) 35923-80.e.0 = 47371-08. »
3. (—58) (3) 28063°32 = ...93-54 ; F requires sounding. (8;) (1) 37508 25.» = 41930-21.
4 (—28) (2) 39419-27 = ...31-36.
B. (=28, (2n) 3193491 = ...47-00; (28,) (1) 38089-14 = ...77-05,
6. For F. (Iln) 37263-13; also (—68)) (<1) 3722634 = ...62°88, or the same.
7. w.(l)37720°05 = ...92-05; also (—38;) (4) 3327411 = ...92-24; (2) 32304-23.v = 3673223,

The mean limit is 85012°87. The set form an additional test that the extrapolated
lines 16013 really exist. It is curious to note that the even orders of F only show
directly observed lines, whilst the odd show displaced limit lines. The F lines are far
to the violet end and come into the observed region only when weakened by high
order. The F lines are all linked to lines of higher frequency by the 1864 link, also for
m = 4, 6 to lines of lower frequency. The same tendency is shown in F to lower
frequency, any such to higher frequency lead to unobserved regions. This fact is
important as showing that at least here the 1864 separation enters in the link
relation, and not as a direct displacement on the limit.

To the F;(co) limit corresponds a 1864 triplet series parallel to that originally
considered. I have been able to follow it up in the same way as the foregoing as far
as m = 26 at least. It accentuates the evidence for the displaced sets but as that is
sufficiently supported by the results already discussed it would seem unnecessary to
overburden the present communication with additional detail. Whenever the actual
relations of the various displaced lines to one another are the subject of discussion
these details will be of the first importance. A knowledge of these relations should
be expected to throw a flood of light on the constitution of spectra, but this new
question cannot be taken up here. It may be noted, however, that the first F and F
lines of the triplets up to m = 10 are given in the table under F;.
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Rirz Combinations.—The results obtained enable us to test for additional series,
associated with the name of Rirz who first pointed out their existence. They are
represented by the expressions n = P (1)—f(m), and s (1)—f (m). Here p (1) =S (o)
= 5102530 and f(m) is given by the formula on (p. 412). s(1) =P ()= 93178'69
and should give a parallel series 4215339 ahead, and therefore in the extreme ultra-
violet. The results are for the sets p,, 0., Ps

m. Cale. p1—f(m).d\. : Observed. ‘

3866521 —'07 (1) 3866656 1784'06 (2) 40450'62 806'91 (1) 4125753
4410593 18 (44102'34) 1783°08 (45885°42) 815°66 (46701°08)
4660742 03 (46606°52) 178428 (48390°80) 807-29 (49198°09)
4796181 ‘06 (47960°42) 177790 + 81368 (50552°00)

S

Notes.—m = 2. 1784°06+806'91 = 177790+ 81307
m = 3. There is some ambiguity as to F,(8), which gives the calculated value.
The deduced ultra-violet lines are from the observed triplet by the e link.

(7) 3678824  1783'08  (2) 38571'32  805°66 (1) 39386°98.
Also ,
e+v+(1) 3236298 177790 (<1) 34140°88 give 44105708, 45882'98.

u+(2) 8996962 = 44102'8 with the », », lines in the ultra-violet, but an extra
v sounder gives wu-+v-+(2) 3732068 818393 (1) 3813461 = 45881°86, 4669579,
the former being 1779°06 ahead of 44102°80.

m=4. e+(1) 3929242 1784:28 (1) 4107670 = 46606'52, 4839080 with
2e+(4) 3456989 = 4919809 which is 1777'90+4813°67 above 40606.

m = 5. 2e+(2u) 3333222 177990481368 (2) 85923'80 = 4796042, 50552°00;
also e+wu+(1) 8829232 81534 (1) 39107'56 = 49739°60, 50554'94; the former
being 177779 above the calculated first line of 47961°81.

The Value of the Xenon Oun.—In the case of xenon the triplet disturbance appears
to be small. The result has been obtained that A, = 24893 = 40%4 and A, = 10999
= 184, giving respectively for § the values 610°87, 61105 or 610°94 from A,+A, In
the preceding 611 has been adopted for & which is sufficiently close except where
very large multiples of § are in question. To obtain more accurate values of A,
recourse must be had to the F and D sequences. Incidentally they have already been
touched upon, but we are now in a position by a discussion of the whole material to
attain a greater exactness.

Xenon, as has been seen, shows numbers of parallel displaced groups of D and F
series, each of which gives data for the determination of A, Unfortunately those
lines which might be expected to give the most accurate values are in the ultra-red
beyond the observed region, and the process of extrapolation by the », separation, or
by links, leaves a considerable margin of uncertainty owing to the 1780 modification
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of »;, and the well established, but not yet thoroughly understood, modifications of the
e links, although in X this latter is not so marked as in Ag and Au. The material at

disposal 1s—

[16018°45] = 17791°835—,

[16044°24] = 1782941 —y,—»,
= 5102529+ &—d (1+794,—98) (p.

19602°66

1994253
1998972
20021°66

1

2

3

4. [19623°05] = 21400°95—», =
5

6

7

From the D Serves.

= (I
= (
= (—=33,)(

From the ¥ Serves.

= 5102529 +£&—d (14+704,). . . (p.404),
= (—84)) 5102529+ £¢—d (1+704,) (p

5

b

3

3

. 409),
p. 403),
—d(14+794,) . (p.408),
)—d (1+804,-3)) (p. 396),
)—d (1+804,) . (p.396),
)—d (1+804,) . (p. 396).-

8. [8010'85] = 17638'55—2¢ = 80725'26+& —f(1+904,). . . (p.388),
9. 1838009 = F,(2) = 3074017 +&—/(2+894,). . . (p. 412),
10.  8072526+¢ = d (1) sequent. ’

The relations between the & ¢, & have been already determined. ¢= 1'015¢"+03
+2q from the fact that (10) and the sequents of (6) are both d sequents (p. 407).
Here q is the proportion of maximum error in (6). The ‘03 may be supposed merged

in this and ¢ = 1'015¢".
are both d sequences (p. 412).
purpose we may treat the ¢'s as all equal.

Also & = ¢4°04 from the fact that (10) and 8074017 +¢&
Within the accuracy attainable for our present
This was certainly not to be expected,

for the limit S (), obtained by formula constants from S lines, is in general
uncertain to a few units, whilst the ¢ and ¢, depending on limits found from

1 (F and F) should be very small.
The mantissee conditions of the above give (dA = "04p)
2 5p, —252g =704,  A,=10998'43— ‘36¢+ 036p,
= 10998'10— '36£+'036p,
— 10998°16— 37+ 06p,
— 10998°05— "37¢+07p,
= 10998°29— "37&+06p,!
— 10998°16— "37¢+ 06p,

*1

*9

. 769890+

2. 769867 +
3.
¥4,
5.
6.
7.
*8,
9.
10.

868240+
868846 +
879711+
879853 +
879855+
989285+

889326+

2'5p, —25°27¢ = T0A,
4°6p, —29°78¢ = T9A,—$
5'5p, —29°75€ = TIA,
4'8p, —30°29¢ = 80A,— 4,
4'8p, —30°29¢ = 804,
4'8p; —30°29¢ = 80A,
35dn —354¢ = 90A,—9

978842+ 16'4p, —120F = 89A,

—30°28¢ = 80A,+ 1540

10998'18— 37+ 06p,
10998'84— '39¢+ 41dn
10998°22—1°35¢+ 18,
10998'19— "37¢
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leaving out for the moment the extrapolated lines, indicated by *, and weighting No. 9
with three times the possible error of the others, the mean value of A, = 10998198
—'87¢, the same as from No. 10 alone which is exact. They all, with the exception of
No. 5, satisfy this within observation errors < dx = ‘04. No. 5 requires that the
observation error shall be ‘06 A and the true wave-number 19942°47 in place of ... 2°53.
With this the », separation = 1775'69 and is brought into practically the exact (8) »,
value (see p. 396) required, which is 177576, The outstanding "07 (dx = 017) would
be attached to the strong second line of the doublet (10) 21717. This is in very
striking support of the general argument. We have already seen good grounds for
putting ¢ a small fraction of the order '25. To determine it with greater exactness
a corresponding mantissa differing from the above by considerable multiples is
necessary : e.g. with mantissa of order ‘5 the coefficient of ¢is 15'4¢& The differences
equated to A, multiples would then give an equation to find ¢ in which the error
term would have little effect. We get this different £ coefficient in No. 9, but it is
due to an order 2 in which the effect of an error is multiplied to the same extent.
The extrapolated lines do not help us as their limits of error are too large. On the
contrary the argument enables us to determine their values more correctly: e.g. in
No. (2) the error is dependent as the line 21400 from which the line is extrapolated.
To make the multiple correct requires p = 27, dn = '42. This reduces the observed
v = 80953 to 809'11. Tt is supposed modified by a & shift on the sequent which
here produces a change of 63 pointing to an original », = 809114603 = 815°14,
practically exact. Applying the method to Nos. 3, 9 gives

- 98 = 06+ "18p;—"06p;
£="06+"18p,—'06p; = 06+ 24
with ‘
A, = 1099814 —"064p,+ 043p; = 10998°14 £+ 10

But the preferable choice is to use the fact that (10)is the limit to (9), the same
value of ¢ must enter, and the result depends only on the observation error.
The result is now

08¢ = 03+18p,  £=03+718p,  A,= 10998'187—06p,

Thus with maximum error dx = '04 maximum uncertainty in A, i1s =+°06, but the
line (9) is a good one for measures and the probable error will not exceed "02.
Hence as the definitive value A, = 10998°18 is probably within ‘03 and certainly within

'06. Hence .
A, = 10998187 +03, §=6110104+"0017.

The value t)f d obtained from the », displacement-= 61087 + 76dy,— 04, to make

these the same requires dy, = "19, », = 1778°09. This is possible though not probable.

We cannot say definitely here therefore as in Kr that the triplet modification produces
VOL. COXX.—A. 3 M
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a slight difference in the deduced 8. Here the difference 14 would correspond to a
difference in mass of 27 electrons. ’

Radium Emanation.—The emanation does not apparently produce the two
spectra exhibited by Kr and X. The measurements in the spectrum are very scanty
compared with those in the latter. We have early rough determinations by Ramsay
and associates.* More accurate and complete by RurHERFORD and Rovpf, and later
by Warson.] In order to diminish the absorption by the electrodes Ramsay also
used copper instead of Pt electrodes and found a number of new lines, the majority of
which have not been seen by succeeding observers. They have generally been
explained as due to contamination by xenon as they lie close to X lines within their
errors of observation. At first sight this explanation would seem to be very natural,
but Ramsay was confident that there was no such contamination. T am inclined to
suspect that the opinion that these lines belong to X is too hasty. As is well known
Bany found quite a large number of lines in Kr and X coincident within his
observation errors, which indeed were much smaller than those in any measures yet
made in RaEm. Now as a fact those suspected lines of Ramsay and CAMERON'S
are also very close to these Kr lines. A strong argument also is this. There are a
number of strong lines undoubtedly belonging to the RaEm spectrum, and observed
by both RuraHERFORD and Rovp and by WATsoN, which are also near strong X lines,
yet separated so far from them, that if Ramsay and CamrroN had had X in their
tube they must have seen them and RaFm lines as double, one due to X and
the other to Ralm. Compare for instance the following lines :—

RaEm.
X. Kr.

C. and R. R. and R. Ww.

(b) 4681 (10) 4680-92 (9) 4681-01 (b) 4683-76 (4) 468057
(10) 46265 (8) 462558 (10 4625° 66 (15) 4624 - 46 ~
(10) 4605 (4) 4604 - 46 (8) 4604 - 58 (10) 460321

(3) 45785 (1) 457771 (8) 45780 (6) 457736 (6) 4577+ 40

(8) 4463-5  (7) 4459-3 (10) 4460-0 (20) 4462- 38 (1) 4463- 88

(3) 4189 O (4)4187-97 | (5) 4188-2 (10) 419325

(6) 4114 (6) 411462 (6) 4114-71 (7) 411625 (1) 411390

I therefore included these RAMsAY and CAMERON lines in the purview, with the result
that a considerable number were found to fall in with places in which they are

* RamsAy and Soppy, ¢ Roy. Soc. Proc.,” vol. 73, p. 346 (1904) ; Ramsay and CoLLIg, ibid., vol. 73,
p. 470 ; CamERON and RaMsaAy, dbid., A, vol. 81, p. 210 (1908).
T RurHERFORD and Rovps, ‘ Phil. Mag.’ (6), vol. 16, p. 313 (1908): Royps, ibid., vol. 17, p. 202

(1909).
1 H. E. Warson, ¢ Roy. Soc. Proc.,” A, vol. 83, p. 50 (1909).
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required by known spectrum laws. It must be remembered that the appearance of
the Em lines varies very much in relative intensity with different observers (cf., for
instance 4604, 4460 above) that some appear early and then disappear, that others
come in after the emanation has stood for a few days, and further that the copper
electrodes, which extended the useful duration of the tubes, would probably have some
effect on the nature of the emitting sources in the gas. To account for this, the
suggestion might be thrown out that the activity of the emanation would by itself
ionize the molecules of the gas, and that especially the a-rays would ionize in a
different and more drastic way than the ordinary cathode or vacuum tube ionization.
That with time the y-rays from the active deposit might ionize in again a different
way and produce again new lines. One would expect that the self-effect—as it may
be called—is so drastic that it destroys those configurations which should give the red
spectrum analogous to that in the other gases. It is a fact, as I hope to show, that
the spectrum, so much as there is of it, is decidedly of the jar, or blue kind.

The degree of accuracy of the observations is not of the best. Rovp claims an
accuracy of 0'1A. The spectrum was obtained by a concave grating of 1 metre
radius and extended from 5084 to 3005, with some additional lines by a prism
spectrograph, subject to errors of 5A. WAaTsoN’s lines extended from 7057 to 3867
with several new lines. His degree of accuracy is probably about the same as that of
Rovp. In the following we shall treat the maximum errors as "2A except where lines
are only given to the nearest unit.

The extent of the spectrum observed is too restricted to expect to find more than
the S(2) and D (1) lines, and even in the case of S(2) the S,(2) and S,(2) may be in
the violet where only glass apparatus was used. Further, there is the added
disadvantage that the links are so large that they can stretch from the unobserved
ultra-red to the unobserved ultra-violet, and consequently can only act as sounders
for lines so far in the ultra-violet that an e link lands within the visible red. The F
lines should be expected to lie wholly in the observed region, and this must be the
chief guide in the unravelling of the series relations.

As a preliminary and definite starting point, we have the value of the oun as
calculated from the atomic weight. But here also there is some uncertainty. The
value of HoNigscaMIDTS determination of the atomic weight of Ra, 225'97 is now
generally accepted as close to the real value, as against the earlier value of 226°4.
This makes the atomic weight of the emanation to be 222 to 222'4. These two give
values of & = 361°80w’ as between 1783°1 and 1789'5, with the probability that it is
close to 1783. The uncertainty in the value of the constant 361°80 will not affect
this.

An examination of the spectrum for constant separations shows a large number of
triplets with », in the region 5871 to 5383 and », at 2671 and less. Further, the
higher values appear in sets which show inverted order of intensities. This suggests
that the lines belong to D satellite systems and that the separations about 5383, 2671

3 M 2
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belong to the modified v, v, which D satellites have already shown in Kr and X, whilst
5371, 2641 or thereabouts belong to the normal separations depending on displacements
in the S(e) alone. Moreover, another very frequent separation is 5631, connected
with other sets as triplets with a », in the neighbourhood of 2800. This at once
suggests the analogue of the 1864 F series of X.

A first quite definite starting point, from the material at disposal, is found by a
search for lines of the F and F type, or the twin A+ B sets. The limit A belongs to
a D sequence, which from analogy with Kr and X should be expected to be of the
order n = 30000. Now in the observed spectrum there is a long gap between 27671 and
32031, within which such limit must be. That no lines should be found near this
limit is to be expected. If, however, such double sets exist we should expect to find
sets of lines with exactly the same separations on either side of this gap.
Unfortunately there are only four lines on the violet side, but one such set is found.

They are :
(1) 2666923 ~ (0)3325905

897-13 89691
(2) 2756636 (0) 3286214

The corresponding limit should be the mean of either of the two corresponding lines,

iz., 29964°14 or ...425, say 29964'20+°'05. The possible observed errors in these
lines are not large and the practically exact equality of the two separations is strong
evidence of the reality of the suspected connection. But any doubt on this point
must be removed when it is noted that by RyDBERG’s tables, the separation 897 is
that due to two denominators 578, 678, whilst if the denominators are calculated
using 29964 as limit the same values are found. The two results are quite independent. |
By a further use of RYDBERG'S tables it is possible to find approximate positions for
other lines of the F system, the F being quite beyond the observed region in the ultra-
violet. Such lines are found at (5) 15846, (4)22810°4, (8)25171 for m = 2, 3, 4.
Again, connected with 15846, are (8) 21488, (6) 242969 giving separations 5642, 2809.
The lines 22310, 21487 are due to C. R.’s copper electrodes and are subject to considerable
possible errors dx = 1A, dn = 5, or even more. These strikingly correspond to the
1864 sets in XF. ' '

The limit 29964°20 must be very accurate and subject only to any systematic errors
in R. and R.s measurements. This is shown by the exactness of the observed
separations in sets so far removed from one another as 26669 and 32362. Using this
limit with the lines 15846, 2666923 for m = 2 and 5 the calculated formula is

%= 29964'20— N/{m+ 757457 + 057’;446}

The two lines used may be regarded as having possible errors dn =2 and ‘7
respectively and any consequent errors in the constants will scarcely affect the
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calculated frequencies for m > 2. These for m = 8, 4, 6 are 2227728, 2514860,
27569'40. The last gives dx = "40. No lines correspond to the others, but 22211
observed by C. and R. with Cu electrodes and (15) 25107°14 (R.), (9)...6'64 (W.) are
respectively 6628 and 41°56, (41'96) less. Now a §, displacement on the limit gives
1896, so that these correspond within error limits to a (54,) F (), dx = —'5, and
(38,) F (), d» = —06, and stand in some analogy to what has been seen to happen
in X. The intensity of the second line however would seem very great form = 4. In
support of the C.R. line with its large possible error is (2) 2219692 (Royp) at 13708
behind it or an extra §,. It would make 22196 = (64,) F, and consequently F = 22280°68,
v.e., dx = =7. If the 5640 lines exist, they all lie outside the region of observation
except in the case of the first line 15846 where the corresponding triplet set is found
(see above). However, anticipating the value of the links obtained later and using
them as sounders, viz., e = 236783, u = 111918, v = 13680°'6 with some uncertainties
we can test for their existence. Taking the observed lines 2219692, 22211 we expect
lines about 27888, 27858, only to be observed if strong. There are none, but there
are (3) 14166 (W.) 2816 16982°0 (C.R.) which with the v link give 278466 +1'9 +dw,
30662'6+3+dv, separation = 2816+5. These suggest the triplet set (3,) F, viz.,

22196°9 56497
278466+ 1'9p+dv 2816+3p'—1'9p 306626 + 3p’ +dv
222109 5685+ 19p+du

The results of sounding are indicated in the following, where, since e, u, v are only
approximately known, their values are supposed corrected by de, du, dv. The letters
after wave-lengths refer to observers :—

m = 3. (581) F.
Outside (3) 14166 (W.).0 16982 (C.R.).v
221969  5649-7
22210°9  5635+1:9p+dv 27846-6+19p+dv 2816+3p'—1'9p 306626+ 3p+dv

With the calculated value of F, the first separation is 3'5 larger. The first line is
8, displacement on 22210. If the former does not belong to the system, we may take
C.R.’s direct line which has possible error of 4 or 5. ‘

) m = 4. (381) F. )
1 Outside (28;) 19583 (C.R.).u (28) 22398 (C.R.).u
’ { 25107:14 5640°6 +4p+du (30747-8) +4p+du 2814-2 +5p' —4p (33562) + bp + du
.(0) 15136 (W.).e v.(0) 2078431 (W.).e 2.(0) 235982 (W.).e
2. v v.( - 81) (1) 20799 (C.R.).e
(25134+3) 5648-31 +de—dv (80782-6) 28149 (33596 5)

3. [25148:60] 5648 ' (1) 20799. 28160 u.(1) 21126+ 0.
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No. (2) is close to (—24;) 25107 or (8;) F;. Tt should be noted that the C.R. copper
line is a (—9,) displacement on that observed by WaTson, and that the latter was
only observed after the emanation had been standing two days. No. 3 gives the
calculated values.

m = D.
1 { Outside (1) 211260 (W.)u 23948 (C.R.)u
“L(1) 26669:23  5648°6 + du 32317-8 2822 + 6p 356139 + 6p
9 { (2) 186414 (W.). (6) 2145886 (W.).o, (6:56) (R.R.)
' 26669-23 5652°8+dv 323220 2817-4 3513946
3 { u.(1) 198424 (W.).e u.(4) 22636 (C.R.).c
’ 26669:23 5659°7 +de—du 323289 27936 + 6p 35122-5

These would seem to show in Nos. 2, 3 sequence displacements; 25 would here
produce a change of 4. In (2) it is displaced in the second and continued in the
third. In (3) it is displaced only in the second. 21126 acts as a sounded line for
F,(4) and F,(5). Both cannot be real or the line is double.

m = 6.
' (1) 22015 (C.R.).u
' {(2) 2756636 56404 + 6p +du 33206 8+ 6p

) { , (3) 195278 (W.)0
’ 2756636 5642 +dv 332084

There is a C.R. copper line (2) 16386 +3 which with the u link gives 27577 +3 and
may be (—4,) F (6).

The two last observed lines have been included in order to show that sounding is
justified by them. The calculated line for m = 7 is 281557, with error probably
- within 3 or 4 units. There is 16982 (C.R.) which with u sounder gives 28173'8+3
and may well correspond to (&;) F, (7). Also 22636 (C.R.).u gives 338278 which is
5654 ahead and may be (&) F, (7). But this line with an e—w link also gives F, (6).
It should be noticed how the lines observed by CaMERON and RaMsAy with copper
electrodes come in to fill parallel and displaced lines where they seem called for.

The corresponding F lines for the orders above the observed ones are in the ultra-
violet, but evidence for their existence is given by sounding. In what follows, the
value of F, calculated from F, is enclosed in square brackets.

m =2 [44082'4+2.]

. {(31) (6)21712°09 (R.).2u (34,) (0) 2738961 (R.).2u
' 440817 +2du 56496 49731'3 +2du

0 { (3) 167251 (W.).2v (8) 2517010 (W.).2v ?
' 440863 +2dw 8445 = 5645 128141396 525313+ 2dv
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In No. 1 the sounded line F, is on the verge of the observed region. In No. 2 the
sounded is about 4 too large, and there appears a J, displacement on the last. The
u, v links themselves are too short to reach.

m = 3. [87650°6 from Calculated F, 37717 from Observed (54,) F.]

(3) 28973°69.0 (0) 15944 (W.).2v (2) 18739 (C.R.).2v+4p
3765429 +dv  5651+dv 433052+2dv 2795 +4p 461002+ 2dw

Here the reproduced line refers to the normal line calculated from the formula.
The v link is too short for the second and third lines, 2v reaches it, but 2v on the
first would require a reference line in the ultra-red.  Also 15944 is possibly

—78) F, (2).
(=74,) (2) m = 4. [34779:80.]

(3) 23584 (C.R.)u
(—28)(3) 167251 (W.).e
(8,) (0) 285982 (W.).u
34776°0 56552 +de—du 404312

Again note a C.R. copper line supported by a W. and R.R. displaced ¢, line

m =5, [83259'17.]
(2) 252187 (W.).v (0) 18024 (W.).e
33259°05  5635'254+dv 388943  2808'0+de—dv = 417023

Here appears the frequent 5635. It is 5649—14, that is, there is a limit
displacement of ¢, in the second line and an extra one in the third, making the
second separation 2816. :
‘ m = 6.

The same links cannot serve as sounders for all three lines.

For F, is (2) 2117254 (W.).u = 32864'34 +du as against calculated 32362°14.
For F, is v.(2) 168165 (W.).e.u = 38004'8 +de+du—dv.
For F, (4) 18448 (C.R.).2u = 408316 +2du.

These give separations 56405, 28268, where the sum has the normal value. In-
(—8)(3) 23973'69 (W.).u = 35178'45 which is 28162 ahead of F, we have the
completion of a mesh with the other three lines.

The foregoing discussion has shown : (1) that this F set belongs to the 1864 type
discovered in X ; (2)that the usual displacements are present and that the calculated
value per oun—138'96—satisfies all the numerical relations formed; and (3) that the
lines observed with copper electrodes by CaMErON and RAMSAY seem to belong
specially to parallel series to this set. We could feel complete confidence in the
allocation of the lines were it not that the a constant in the formula is positive, and
that the line m = 6 is not reproduced more closely. The absence of direct
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representatives for m = 3, 4 1is not surprising as their limit displaced values are
certainly observed and the change is in full agreement with what takes place in the
other elements.

We shall assume in what follows that the preceding allocation is correct, in other
words the limit is 2996420+ ¢, the line for m = 2 is 15846+ 2'5p, and that the series
belongs to the F type. In that case the mantissa of the limit and of the sequent are
both multiples of the oun. These mantisse are respectively 913165—31'92¢ and
787174 +246p—98'7¢  As both are oun multiples, so must be their difference. This

difference is
125991 —246p +68¢ = 704 (1787°10—3"49p+974)
| = 703 (178075—3'49p+97¢)

In which if WATSON is correct to nearest unit p is equally probable between + °5.

It is very unfortunate that here we have to deal with two uncertainties not
generally met with, viz., on the one hand the uncertainty as to the real value of the
atomic weight, and on the other the magnitude of the possible observation error in the
fundamental wave-length, which WATsoN has only measured to the nearest lo&ngstrém.
If this had been ‘1, i.e., p = ‘1, the above result would show that since J lies between
1789 and 1783, the multiple must be 704 without any doubt, and consequently & in
the neighbourhood of 1787. The value of ¢ is so small, that its term will not affect our
present reasoning. We have, however, to allow for this uncertainty and a value of
p = —7 makes the second multiple = 703 x 1783'2 with a possible 4. In this case the
first multiple gives 704 x 1789°55, or § just on the improbable limit and it might be
excluded. The result, therefore, is '

Equally possible, p<'5>—"5, multiple = 703 and ¢ between 1785°3 and 1788.
Improbable, but perhaps possible, p = —7, multiple may be 70§ and ¢ = 1783°1.
Very improbable, p =1, multiple 703 and § = 1783°6.

But also the limit and sequent mantissee must also be oun multiples, now

913165—31'92¢ = 512 (1783'52—"062¢) |
=... (2)
= 511(1787°016—"062¢)
787174+ 246p—987¢ = 4414 (1782'95 + "55p— '228)
= 4404 (1787°00+ "55p—"22¢)
It might occur to the reader that the last should be a multiple of A, But if the

series is the analogue of the 1864XF, to which the foregoing argument has pointed,
it should have a line of order m = 1 (n about = 3260). This should show M (4,).
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The limit condition is independent of p and can only be modified by ¢ in the second
decimal place. It gives quite definitely six possible values for §, viz., 178352, 1784°39,
1785'26, 178613, 1787°01, 1787°87 with multiples 512 diminishing by 4 to 510%.
Of these the following can be satisfied by the mantissa difference condition (1)

17835 by p = —'8, multiple 70%, not probable.

17835 by p = 1, multiple 70%, very improbable. ,
The last four by p> —'25<"5, multiple 70%, equally probable.
The others by p>'5<1, multiple 704, improbable.

If Warson’s readings are really to the nearest unit, p = +'5. This probable
consideration would largely reduce the limits of uncertainty. It would in conditions
(1) exclude the second and with multiple 704 give 17870 with p = 0, 1786°1 with
p = '8, 17853 with p = 5. Conditions (3) would then of these give 1787 with p = 0,
multiple 4404, 1786°16 with 440%, 178527 with 441.  All of these have equal
probability, but they exclude the 1783 based on HoNigscEMIDTS atomic weight. The
lowest value 1785°3 would make the atomic weight = 222°15+°02, and that of
Ra = 22615 as compared with HoNIascHMIDTS' 225°97. ‘

Before passing from this series it will be important to get as close an estimate as
possible of the two separations. Regarded as oun displacements on the limits they
should give some further data for the determination of the oun—or, vice versa. The
separations given in the sounding operations above are here collected. Errors from
W ATsON'S, or BALY’S observations will not amount to more than a few decimals at the
outside. '

1. 5649-77 . .. 2816+ 3y - 19 9. 5649°6
35-7}+1 Op +dv v 10, 50°9+dv 2795 + 4p
2. 406 +4p+du 14-2+5p —4p 11 552 +de—du
3. 48-31+de—dv. 14-9 12, 35°254dv 2802 1+de—dv
160 — du +do 13, 366 33-0
4 48-6+du 22+ 6p
5. 52°8+d 17-4
6. 59T+de—du 7936+ 6p
7. 4044 6p+do
8. 42-0+dv

The », cluster round 5649, 40, 35 and the v, around 2816.

In v the 49 and 85 differ by 14 and are clearly due to a J, displacement in the
limit. We will consider the exceptions in order. In (2) there is an uncertainty 4p.
If p = —1 we get, with other errors close to 85, in this case »,= 18'2+5p" and a
small error in p’ brings it to the 16 neighbourhood. 1In (4) the uncertainty 6p reduces
again », to the 16. In (5) ordinary errors bring » to the 49 value. In (6) modifi-
cation of 107 in the middle line brings » to 49 and p = ‘25 brings v, to 16 or v+, =
normal. In (7) the error allows 35. No. 8 does not seem amenable and may not

VOL. COXX.—A. 3N
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therefore be a real connection. In (10)» is a normal 49 with error 2 and », with
p=11s 00 = 14—14 or the oun displacement in the last line. In (12) also the oun
displacement in the last line makes »,= 16. No. 18 can be explained by the oun
displacement on the middle line alone. They can all then with the exception of one be
explained by », = 5635 or 5649, and v, = 2816 within limits of about +1. The
consideration of their source is postponed until the D sequents have been touched
upon (p. 441).

An examination of the spectral list shows values of », varying between 5361 and
5388 with », from 2639 to 2685. In many cases two lines are separated by about
5371 and a line approximately midway with separations 2680+. Now in the other
gases the appearance of such %y, separations is so common as to be almost the rule.
This lends weight on the one side to the assumption that 5371+ is » and on the
other that 2680 is not », but corresponds to 4 ». Values therefore in the neighbour-
hood of 2686 may be left out of account in the search for », which is always less
than 3v,. '

There are a considerable number of separations in the neighbourhood of 5380+
which again suggest the analogous modified », related to the D satellites in Kr and X.
In those cases the explanation was adopted that at least in the main they arose from
displacements of small multiples of the oun in the sequence term. No exact value of
these displacements can be obtained until the value of the limit itself is known, but it is
possible to arrive at an approximate estimate by employment of a value of the limit
which may be a few hundreds wrong. Such an estimate will be of great value in
guiding our search. _

The values of S () for A, Kr, X are respectively 51731, 51651, 51025. From
analogy, that for Ra, Em would be in the neighbourhood of 50500, say 50500+ ¢
With » in the neighbourhood of 5371+1 calculation shows that a displacement of &,
will produce a change in the limit of 80'86+°0011¢ and in the », of 4'72. The D
sequence terms vary with each satellite set. One such sequence set has already been
found in the I series already discussed, viz., 29964. Here the oun displacements
produces a change in n of 13'96. But higher values than this for d (1) sequents are
to be allowed for up to even 31000. For 30500 the oun displacement produces a
change of 14'88. It is safe therefore to take the oun displacement on the sequent as
producing a change varying from 14 to 15.

- If now the 5370+ separations be analysed it will be found that three lie at 71°4 + 4,

eight at 74'2+°6, five at 80+°5, six at 842+ 1 and a group at 88 with none between.
There is a clear majority about 74 with a set at 88, or about 14 ahead (z.e., —8, on the
sequent) and a few about 61, or 14 behind. Whilst the 717 and 78 sets suggest the
§, displacements in the limits, definitely seen to exist in Kr and X.

For the v,, the oun changes on the sequent are the same and on the limit are about half
the previous, say, about 2 or 3. In this case are found a majority near 2649 with
some about 14 on either side, and another few about 2652.
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The material at disposal then goes to show that the S separations are near 5371,
2649 for some definite limit and 5374, 2652 for another whose limit mantissa is one
oun less.

Arguing from analogy Wlth the successive spectra of A, Kr, X we should expect to
find in the observed region only lines corresponding to D (1) and S(2). The D (2)
lines would be considerably shorter than the last observed line n = 83259. The S (1)
would be in reversed order with S, (1) near —42100 or S, (1) near —34000, the first
absorbed by the glass apparatus used. We should expect D (1) lines up to the
longest observed (n = 14166) with D, (1) lines down to at least n = 21000, and
showing the same kind of modified separations as in previous cases, and taken
account of above. S, (2) should be about 25600 with S, (2) about 81270, just on the
observed boundary and S;(2) quite beyond about 33900. This absence of S sepa-
rations is the reason why it was so difficult above to obtain accurate values of », v, for
a definite limit. By themselves therefore the material is hopelessly inadequate to
determine the S () limit, the values of A, A,, or of the various links. We have
only five possible—or three probable—choices for & to 5 significant figures, and also the
value of one d (1) sequent correct to a few decimals, with estimates of the F and S
triplet separations. The only method of attack then seems to be an indirect one, to
tabulate the sets of lines giving the triplet separations, to try to distinguish between
those related to D and S systems, to obtain as close a value as possible of the v, v, to
determine some of the satellite separations, and from these last to attempt to find the
corresponding F series with the same constant separations. These F series ought in
each set to consist of several orders (m) at least, as the F (‘o0) all lie in the observed
although badly observed region. The observed separations and the values of », »,
combined with the approximate value of the oun may enable a determination of the
important constants S (), A,, A, to be arrived at.

We shall take then 5371+dy, 2649 +dv, and a set about 3 larger for the values of
v, v, the two sets belonging to two limits, relatively displaced by an oun, and both
giving the same values of A,, A, In the above the dy, dv, will probably not be
greater numerically than 1. The calculations will be made with the 5371 set and the
conditions applied dv, = +1, &e., and dv, = 2+ 1, dv, = y+1 where , y are the changes
produced by the oun displacement. We start the first approximation by taking
S () = 50500+ ¢ where £ may amount to several hundreds and in which «, y are of
the order 47, 2°2. The denominators of the S,, S,, S; limits with their differences
calculated from these are

1°478697 —14'591¢ ,
72624 —2'053£+12'54 dy;
1401073 —12"538 (£+dy,)
, 32076 —"839 (£+dw,)+1170 dv,
1368995 —11699 (£+dv, +dv,)
' 3 N 2
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These differences may be written

72624 = 403 (178218 —050£+31dy,) 32076 = 18 (1782°00—"047£—"047d, + 65d,)
=40} (179318 ... ) = 173 (1807°1 ... . )

The first consequence to be drawn from these numbers is that as ¢ is to be of the
same order of magnitude as calculated from A, and A, it can only take place in the
first arrangement since the co-efficients of ¢ (the only variable capable of large values)
are practically equal. In other words A;= 40%J, A,= 184, the same multiples as in X.
This is one quite definite conclusion of importance.

But further we know that § must be one of the following sets 17835, 844, 853,
861, 87°0, of which the first two though perhaps possible are improbable and the last
three equally probable. We will state the results for the first, third, and fifth, the
others being intermediate. The values of dv,, dv, being uncertain to about unity, the
values of £ can only be estimated to the same order. Taking A,, in order to produce
the required values of 4, £ must have the respective values of —27, —64, —100 within
a few units, and the numbers inside the brackets for A,, A, become

178853 —'050£+"31d, | 178827 — 047 £— 047 dy, + 65y,
178588 —... 1785°00 ... .,
178718 —... . 1786°7... N

where now ¢ cannot exceed a few units. The respective limits become 50473, 50436,
50400. One of these is close to a S limit. There is another corresponding to the —,
displacement about 31 ahead and giving » = 5375 about. We already have an
accurate value of one d sequence, viz., the F (o) = 29964'20. Combined with the
limit this should give a D line = S (o) —29964°20, 1.e., near 20509, 20472, or 20435, or
the 31 higher values. We only find the following possible lines, viz. (2) 20515 and
(4) 20488°8 (W.), (0) 2044638 (R.R.), 20473, the first and fourth beiig C.R.’s copper
electrode lines. The first is one of a chain of 2680 separations, or % stretching
back to 15136 and by 2689 to the strong line (10) 23204°6 (R.) or 7°57 (W). It has
none of the signs of'a D line. The line 20438 is one of the strongest in this neighbour-
hood has no » separation link, but 56258 back to 14813+2 (W) to which also 20446
~ has the (8,) 5649 link, viz.,5633. Again the 14813 shows a D modified », », set, viz.,

(0) 14818 (W) 5382'71 (4) 2019571 (W) 2672'41 (5) 2286812 (W),
538591 (0) 2019891 (R) 266916 (1) ‘07 (R).

Hence here we have all the signs of a D, line in 20438 with the above as a satellite
set, at the F separation (56...) behind. Now it'is a very striking fact that the
measures of W. and of R.R. for these lines not only differ by amounts larger than
can be attributed to observation errors, but also that their intensities are not
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comparable. Where W. gives 20438°8, with intensity 4, R.R. give 2044638 with
intensity (0), and a similar effect is shown in the second line of the above triplet (R.R.
have not observed so far in the red as 14813). The differences 56, 8'2 are comparable
with the differences shown by the », sets roughly estimated above, say 5371, 5374, and
would seem to be due to the same effect, although this would not go with the
explanation there suggested. Further R.R.s 2044638 is 5633°4+2 ahead of 14813
and is therefore one exact determined value of the F, separation. ~We are justified
therefore in taking 20438 as a D line belonging to the S( ) = 50400+¢  With
d = 29964'20+ ¢ the calculated D line is therefore 2043580+ ¢£—¢" = 20438'8 +"4p

£=80+4p+¢

where ¢’ is small.  Hence S () = 50408°00+ ¢ where ¢is small and equal to ¢ + 4.
A reliable value of this limit has thus been obtained. The measure of its reliability is
that of two assumptions (1) that the 5649 (or 34) series studied at the beginning of
the discussion of this element is an F type analogous to the 1864 of X, and (2) that
20438%* is a D,, line. With this, S ()= 5040300+ ¢ and », = 5371 +dv,, », =2649
+dv, the denominators and values of A,, A,, caleulated directly are 1°475114, 1'402290,
1'870130 and

A, = 72824—2'06£+12°57 Ldy, = 403{1787°09—"050¢&+ "31dy, }
A, = 32160 ‘84 (&+dn)+11726dy,= 18 {1786°66—"046 (£+d,)+ 651dy,}.

The ¢ as determined from the A, has always been the same as those found from the
D and F mantisse, here 1787°015—062 (¢—"4p). Hence dv, =53 correct to the first
decimal place and v, = 2649'53 4+ dv, where dv, < 1 and A, = 32166. If the § from A,
is the same dy, =—'3 and », = 53707, A, = 72820.  Wherever it is different it has
always been slightly less than that from A, so that we may regard 53707 as a
maximum estimate for ». It may be a few decimals smaller, but we have no direct
means from observed lines to determine it more closely.

A similar treatment with the four equally probable values of d are appended. Also
changes in dy, if ¢ from » is the same as from v, This will at least give maximum
- values of »,. The cases are given for the limit used above and also in the last two
columns for that if’ 20446 is the D, line, that is the limit about 7 larger.

dvy dvy dv;  dvy
1787787 —'062¢ 2'5 17 35 25
1787°01— - 3 ‘5 ‘9 1
1786°13— -3 — '8 -2 - '8
178526 =6 —2'1 -5 -2

* Possibly not so certain. 20446 gives one of the normal 5633 to 14818. Tts weak intensity may be
due, as in the other gases, to the presence of displacements and so may be Dy It would make
S (o0) = 50410.
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The limit 50408 and &= 1787°01 require the smallest changes and seems prefer-
able, although limit 50410 and & = 1786 is perhaps possible. Both 1787'87 and
1785'26 would appear excluded. The numerical work to follow will be based on the
limit 50408, » = 5370°7 +dw, v, = 2649'5+dy, S(oo) = 50403°00+¢& These make
A= 72820, A, = 32166.

With these more exact values of S () and », it is now possible to obtain the
important constants, the p-links. They are found to be

o= 463072—4'11x+ 010+ 74dy, ¢ = 627721 —6'16c—"020£+1"347dy,
= 5370'70—-501x d =739960—7'67x—"046£+1°822dy,
e = 23678'42—22'962—"056£+4"912dw,

where the terms in  denotes the changes for a displacement of 8, in S ().

To determine the u, v links requires a knowledge of S, (1). Tt is impossible to obtain
really definite information on this point from direct observations. In default of this
the following considerations will give some indications, and will serve to illustrate how
the laws of relationship already determined can give clues indirectly. In the cases of
A, Kr, X the lines for S, (1) are respectively —42642, —42469, —42153. The corre-
sponding line for RaEm should therefore be looked for about —41800, with s (1) =
P () about 50408+41800, or, say 92200. The e link unfortunately is too large to
test for the lines for it would reach back to lines about 11103 26495 127515
53707 181222, of which the last only would be in the observed region. Con-
sequently no evidence can be obtained with reference to it from the », », separations.
There is a strong line at (8) 17909'9. It would give S, (1) = 41586, smaller than
seems likely. Also it has a 5637 link not usually connected, so far as we yet know,
with S lines. It however is the only strong line in the neighbourhood, and it will be
probably wiser to conclude that the S (1) line has no linked e line to it. The above
value for P () gives a v link about 13660, and this link on the supposed S (1) should
produce a line about 28140. We find the set

(2) 201637 2645  (4) 2280868  [28183°7]

in which the last is extrapolated by the normal » +», from the first.

It falls in the large gap where no lines have been observed and the spectroscopic
apparatus was defective. If this be really the S (1)—w set, it is possible to calculate
what the %, v links are. Thus 8, (1) =—(28183'7+v),s(1) = P(®) = 785867 +v, and
v is produced by the —A,; displacement in the denominator of this. As v by a rough
determination is in the neighbourhood of 13660, it can be put = 13660+ where « is
not very large and can be determined by the condition that 13660+ is the change
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produced in 92246 +x by a decrease of A, = 72820 in its denominator. The result

1s that
P(w)=8(1)= 92266 = NJ{1'090264}2

w= 111918
v = 136800
S, (1) = —41864°3

The set of S (1) lines would then be
—41864°3, —36493'6 or 89°7,* —33844°1.

On the two latter u, e—u, e—v links as sounders should give ﬁhe following lines,
below which are placed the nearest observed,

25301°8 or 297°3 22652'3
(2) 25299'1+7 (W.) (4) 22636+6 (C.R.)

( ) 240071 or 32 213576
—(e—1

“T%Y (20) 2399882 (R.) 4°45 (W.)  (10) 2135743 (R.) 6'57 (W.)

(o) 264953 23846
J— e—

Y (2) 238419 (W.)

They are not satisfactory sounded lines, but are given as material at disposal only,
.S, and e.Szu are really good.

There is a striking triplet which has all the aspect of being a S (1) set except that
of position. It is

(2) 186117 (W.) 26489 (5) 2126021 (W.)
(0) ... 0994 (R.) 2652:3 (3) 2126225 (R.) 53713 (10) 26633'64 (R.)

Tts separations give support to the values obtained above. It is a parallel set to
our adopted S (1), separated from it by 152307. I have not been able to recognise any
arrangement of links which give this value although 2b+a, and e—v+b are close
to it. T ‘

* Sounded from observed line.

t There is the possibility to be kept in mind that it may be a real and independent S set of lines, not
analogous to the set considered in the previous elements. If so, it must have the same limit and
s(1) = 77036+64 = N/{1-193177}2. Now the s sequence depends on the atomic volume, although the
exact relation is not known. In the next group, the alkalies, the denominator is of the form ‘987 + kv,
where v is a number proportional to the atomic volume. If here the group constant be ‘99, the
denominators of the two types of s sequences can be expressed as ‘99+kv and *99+42kv. In other
words, this new type may depend on twice the atomic volume.
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- 8,(2) should be a strong line in the neighbourhood of 25900, with S, (2), S,(2) in
the ultra-violet. There are three strong lines in this region, viz. (8) 2526273,
(10) 257699, (10) 26633'64. The last is that which has been seen to be a parallel to
S, (1). The first line gives a mantissa less than that for S, (1), and therefore would
make the a constant positive, in opposition to all experience for S series. We are
left therefore with 25769°9+3, but this is a C.R. copper line and so far dubious. If]

however, it be taken as S, (2) the formula for the S series is
n = '50403-—N/{m+‘129855—,-.~(§%5—9§}2.

The value of 8,(3) calculated from this is 39112°08. Sounding with —v gives
25432°08. WATsoN gives a line at (0) 25432'3+1 and this is corroborative so far as
it goes, but the formula is out of step with those for A, Kr, X, and does not give
confidence. If, however, lower intensities are admitted it is possible to obtain lines
which fall in excellently with all the conditions, and moreover indicate other displaced
sets. We find the lines, to which extrapolated », lines are added

(8) 25416°89 (R.) » [30788°59] (0) 2543235 (W.) » [30808°05]
(2) 25425'51 (W.) » [30796°21] (0) 254570 (W.) » [30827°7]
(1) 254581 (R.)

If the extrapolated lines are sounded for by —w, the 80808'05 should give a
line at 17123'05. This was seen by W. at (0) 171230, the nearest to this being
(1) 1715098 (R.) which might possibly be within error limits of v.[30827°7] If,
with this indication of 2543235, 308030 as part of a triplet set suitable for S (2) we
calculate the formula with the previously alloted S, (1) and S (), it comes to

. . 2
€T = 50403—N/{m+'101230— ﬂ%ﬂﬁﬁ;}

which is in close analogy with that for the other elements. For m = 3 it gives
38972'54. A w-sounder requires a line at 25292°54. RoyDs has observed (8) 25292°12,
and again in this neighbourhood we find some close lines observed by only one of W.
or R., viz.,, (8) 2526273 (W. and R.),* (2) 252991 (W.) again evidencing the
presence of displacements. For m = 8 the oun produces a change in the sequent
of 3'30, so that 25299°1 which is 6°66 above S, (38) is S, (3) (24,) exactly, and 2526273
which is 29°39 behind is 8, (3) (—94,). The lines calculated from the formula for
m = 3 ... 8 are given in the accompanying list, which also gives the values as sounded

* R. gives intensity 8, W. gives 3, although as a rule W.s intensities are higher than R.s—again
pointing to changed displacements with changed conditions of excitation.
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from an observed line. Thus in m = 3, the observed is entered as v.(3) 88972°12,
whereas the actually observed is v less.

m. ~ Calculated. Observed. . dA.

1 ' —{(2) 201637 (W.)+v;+w}.0 - %

2 (0) 2548285 (W.) *

3 3897254 v.(3) 3897212 (R.) 02
4 4887380 e.(4) 4387402 (W.) , —01
5 46184776 ' see Note ‘07
6 47454'96 o

7 48227714 wv.(1) 48227°00 (W.) 00
8 4873122 see Note

Note.—For m = 8 the e sounder is too large, and for m = 4 the v is too small to
act. ‘ "

The agreement is so good that the chosen low intensity lines for S, (1) are justified.
The low intensity may be explained by the supposition that the energy of the normal
line has been partly transferred to other displaced ones, in the way indicated above
for m = 3 and as shown also by higher orders. For m = 4 together with 20195—the
line sounded from—W. only observes (2) 201637, and R. only (0) 20133'0. These
differ successively from the first by 80+. For m = 4 the oun displacement produces
1'42 on the sequent and the normal 30°5 on the limit. They are therefore possibly
e.(3,)8,(4) and e.(28,)S,(4). In m = 5 the e sounder requires 22506, not observed by
either, but there is an isolated group, 22516°9 by both, (5) 225355 (W.), (8) 225404
(R.), of which 22585 is 80 ahead of the required line and 22540 is 35, so that the
former is (—d,) on the limit. The latter, however, sounds to 4621871 for (—4,) S, (5)
and gives S, (5) = 46188'25. -The dx = "07 of the list is based on this. For m =6
the e requires 23776°65 with observed (0) 28760'9 (W.) and (10) 2878375. Inm = 8
the u+v link = 24871'8 requires 23859°5. The only observed are (2) 238419 (W.)
and (4) 238713 (W.) or (5) 7000 (R.), about equally displaced on either side of the
normal line. '

Some space has been devoted to the consideration of the S series as on it depends
the determination of the important %, v links as well as the limit for the D series.
The latter is perhaps in general the more important as it affords with the F, the
means of obtaining accurate determinations of the oun. In the present case, however,
the measures have such large possible observation errors that they do not add to the
accuracy already found in the foregoing discussion. A few points only will therefore
be here referred to. Both the D satellites for m = 1 and the F lines for m = 2 with
related lines form the majority of the lines in the long wave end of the spectrum
(n < 20000). One clue as to a distinction between the two sets may be found in
the fact that where the 5640 link occurs on a D line it links backwards, while in
the F it links forward. Consequently where a line has a link forward it is probably
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not a D line, but is either a F line, or is attached to a D line (as in the 1864 set in X
attached to the D group near 20312). The D-qualification test with D (o) =S ()
can be applied to these suspected D lines, taking the 20438 as a definite D, line.
That is the mantissa difference of the lines from that of 20438 must be an oun
multiple. A very large number are found to satisfy this test. It must be remem-
bered that as the oun is so large as 447 there can be no doubt as to the satisfaction of
this test or not, even for the largest allowable observation errors, nor to the actual
oun multiple when it is satisfied ; on the contrary the possible observation errors are
so great, that the observations do not enable us to increase the accuracy of the oun
itself’ as already found. By combining a large number of cases it would no doubt be
possible to diminish the probable error of its value, but the heavy work would not be
justified at present, especially as there should be hope of better measures in the
immediate future. At the same time the existence of the D lines may be illustrated

by the following two sets for m = 1.

18357 (C.R.) (1) 21036°25
5671+ 4 56330
(2) 186414 (W.) 538712 (1) 24028-52 (W.)  2640-71 (1) 26669-23
2018 19583 (RAM.)
5630
(1) 19842-4 (W.) 53713 (2) 262137 (W.)
343 (2) 16062 (W.) (1) 21456-56 (R.)
5650 563321
(6) 2171209 (R.) 537768 (2) 27089-77 (R.)
(0) 16445-61 (0) 19086-1 (W.)
56524 5662
(8) 167251 (W.) 53729 (4) 22098 (C.R.)) . 26506 (2) 247486 (W.)
' (1) 1749305 (R.) 53752 (1) 2286807 (W.)
1833 : (1) 18357 (C.R.)
-~ 5636
(0) 18609-94 (R.) 53839 (10) 2399382 (R.)

(0) 14813 (W.)
511 56258

(4) 204388 (W.)

In these it should be noted :—

(1) The satellite separations are in the usual ratio 5:3, for in the first 204 x5
= 10125, 34x3 = 102 or for D,, 204x5 = 1025, 333x3 =101'25. In the second
184 x5 =91'25,314x 3 = 93°75. Both sets have the same undisplaced limit = 50408,
and the two corresponding D, lines are displaced 2348 in their sequences.

(2) The 21712 which acts as a Dy, line shows the modified », separation to a second
line but of much smaller intensity, in close analogy with what has been seen in X.

(8) The mantissa of 16725145 is 804601—26'8¢+13'4p = 25 (32166'16—1°07¢
+'53p)+d, =25A,+48. The second line of the triplet 22098 is one of the copper
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C.R. lines. Behind this is a line (2) 22079°34 W. (d\ = +°05) corresponding to the —4,
displacement in the sequent—i.e., the modified D separation. With S () its
mantissa = 804161 —2677£—2677dy,+5'35p

= 25(82166'44—1°071£—1"07dy,+ 21p).

If this be combined with the mantissa of 29964 = 913165 = 5118 giving
A, = 32166°27 —1°116¢, there results the equation

14 +045£+21p—1'07dy, = 0.

This can be satisfied by ¢ = 0, dv, = 0, and p a fraction. It does not therefore help to
a closer determination. With good measures it should be practicable to find dy,
within "05 and p a small fraction. This equation would then give the small correction
for ¢ and so increase considerably the degree of accuracy of A, and 8. The particular
point however gained is that here is found one of the fundamental d sequences
depending on pure multiples of A,.

(4) They all show —5640 links when this link lands in the observed region except
22868. Where the measures are reliable they congregate round a value 5633+. The
22079 of the last paragraph is 563373 above the 16445. This is a further justifica-
tion of 22079 belonging to a —J, displaced sequent. ,

With 20488 as D, (1), RYDBERGS table gives D (2) as in the neighbourhood 37486
+100. A u sounder gives the region 23806. There is a line (10) 2878375 (W.)
which if linked in this way gives Dy, (2) = 8746375. The two lines m = 1, 2, and
S () give the formula

( . 2
n= 50403—N/!tm+'909601+ —Qo—qfﬂ‘}

with D (8) = 4324202. The e-sounder requires 19563. The only line in the neigh-

bourhood is A = 5105 by Ramsay, who says his measurement is very rough. If we
allow dx = 5A, the wave-number is 19583 +20, and it may be the line sought for.
There seem also other D, groups as in X. One instance is adduced in the next
paragraph.

I end the discussion of the RaEm spectrum by a consideration of the source
of the 5640 separation. In X we found the conditions satisfied by oun displace-
ments on the F (o) of 5A,—3,, and 2A,+68,. But here the values of the separations
themselves seem very indeterminate. The values as arranged on p. 431 would seem
to point to 5633, 5649 with », about 2800 and 2820. The limit of the particular
F series on which our whole discussion of RaEm is based is 29964'20. As a fact, how-
ever, this limit can only generate in the proper neighbourhood separations of 5646,
2806, and the displacements are 5A,—68, 2A,+28. The dependence on these

302
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displacements so analogous to those in X is evidence that the links in question (5640,
1864) are of analogous type. We have already seen in X that these separations occur
as links, as well as direct displacements on sequences present in the wave-number.
Let us determine the F limit required to give a separation in the correct neighbourhood
with a displacement 5A, The conditions are that not only must the 5A, give the »,
but since it must belong to a d (1) sequent, the mantissa of the limit itself shall also
be an oun multiple. The result is that the limit should be within close limits of
29617 and that then the », will be close to 5648 one of the most probable values found
on p. 431. But this 29617 = F (=) = d (1) should belong to a D line 50403 —27917
= 20786. Now there is an observed line (0)20784'31(W.) with another at
(7) 2075034 (W.) or (7)...52770 (R.) behind it. Taking 20784'31 its sequent is
29618'69 and mantissa 924298 or 11183 above that of 29964'20. Now 643 = 11169
and the difference 36 requires a change in wave-number dn = 110 or dx = —'25A.
The line was only read to 1A so that this error is permissible. The F () is then
29617°57. The —5A, displacement on this gives 3526616 or a separation 5648°59,
and on this it will be found that an extra 2A,+58 gives v, = 2810°97 = 2811 say.
Further a change of 6, on 5A, or 2A,+ 54, produces changes in », v, respectively of
17'88 and 20°00. This accounts for the concomitant value of 563071, and 2831 also
observed is due to 5A;—4;, and 2A,+ 64, precisely those in X.
The Value of the Oun.—The data for the evaluation of the oun are :—

(1) The triplet -separations and S(). The », », are not determinable directly
from S lines and consequently no exact values can be obtained from observation. The
general argument on p. 433 is in favour of 5371, 2649, or about 3 larger according to
limit. These are strongly supported by the set of lines on p. 487, clearly a linked S (1)
or an independent S (1) set showing also the displaced S,, S, by W. and R.
respectively. These values point to & = 1787°0. '

(2) From the F and F series giving definite F ()= 2996420 and f(1); p. 430.
The definite result is a limitation of J to one of six alternative values, of which four -
between 178526 ... 8787 are equally probable, the ambiguity being due to imperfect
- measurement. This argument is independent of the values of v, v,

(8) The mantissa of the Dy, line 16725 is 25A,+8 and that of the D,, line

2207934 is 254, This gives

A, = 32166'44—1°07£—1°07dw +21p,

8= 1787°024—"059£—"059d, +012p.

Here probably
£<5, dn <1, p<'5, or, say,

d = 1787024 +°05.

These three determinations are all independent.
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Argon.—There are a large number of strong lines in the visible spectrum
evidently connected with D (1) and F(2) lines. The oun is so small that the
qualifying test for D lines is not so definite as in the other gases, although this is to
some extent remedied by the fact that the measures on the whole are good with a
possible maximum error of ‘02A. We shall therefore make no attempt to discuss the
F and D series with the same fullness as in the other cases. The groups selected are
certainly not the only ones and possibly may not be the most important ones, but
they will be sufficient to give data for the determination of the oun to about the
same degree of accuracy as for the other gases of this family. Take for the first
group. A :
m=1. o m=3

(1)23782'51 (K.) 17992 (6)23962'43 (E.V.) (1)44827°37) 17551 (1)45002°'88
7133 3913 |
(2) 2389908 (K.) : (8) 4483541
m =2

(8) 3935706 17895 (4)39536°01

17133 ' |
(3) 3942068

3944

(5) 39439°33

The lines for m = 2, 3 are by EpER and VALENTA. Again the low intensity for
D, (1) is to be noticed, but we have here some indication of the source of this
peculiarity. EDER and VALENTA give the line at 23899'83 of intensity 9, and state
that it appears only with a very strong condenser discharge. The difference in the
two measures (d\ = "13A) may possibly be due to observation although it is greater
than is the rule between the measures of K. and of E.V. As an oun displacement in
the sequent produces a change dn = "4, the difference may be due to 24, displacement.
If so, no error will be introduced in the succeeding considerations by overlooking this,
treating it as due to observation error and using KAYSER'S measurements, subject to
a smaller possible error. For in either case the dependence of the sequent mantissa
on the multiple law is not affected and although the multiple itself is different, at the
same time the difference in the two readings will not modify the formula constants to
an extent to appreciably affect the calculated lines for m>2.

Using the limit D () = S () = 51731'03 and the first two D, lines the formula
found is

‘ 2
n = 51731‘03—N/{m+ 989074 — _003376} .
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This gives for m = 8, 4, 5, the lines n = 4483416, 4732304, 48672'56. The O—-C
for the first is dA = —'06 whilst the others should be weak and are near to the limits
of observations. The links are so small that as sounders they produce lines also close
to the observed region. For m = 1, the difference of the sequent mantisse of 23899
and 23782 (D,,) is 4144 and 4A,—6, = 7143 = 4141'2, or exact with dx = ‘013 on
two lines. It will be shown later (p. 447) that D,, depends on the A, multiple. The
series is, therefore, probably a real doublet series with this for the outer satellites.
For m = 2 the Dy, set with a displacement of about 17148 is inserted since it recalls
the order of magnitude in Kr and X, whilst the two D,, satellites for m = 2 and 3 are
inserted because they show the same displacement of 89%1J. An extrapolated line on
an observed one [23611°5], 179'5, (2) 23791'0 gives a displacement 1750 for m = 1
corresponding to that for m = 2. It may also be noted that in Argon the third lines
of the triplets appear to be missing in this D series.

The following arrangement would seem to indicate the existence of a set parallel to

the above :—

23899°08 2074  (8) 2391982 18873 (1) 24108755
39439°33 2065 [89459°98] 17160  (3) 3963158
4483541 2065 [44856°06] 17722 (4) 4503328
[47323°01] 2066 (47343'67) 17897 (1) 4752264

The [ ] in the second column are calculated from the first column by adding 20°65.
The line in ( ) is determined as the mean of the linked lines u.(1) 4778402 = ... 44'55
and (1) 46183'62.u.e = ... 42'80. As 58 on the limit produces a separation of 2065,
the lines in the second column would correspond to the parallel displaced series
(—58) Dy, The separations of the last column increase with the order to a normal
value of v, and point to a constant displacement in the sequent.

With the above D set should be associated a doublet F series whose F, () = d, (1)
= 51731'03—23899°08 = 2783195 and separation that of the D satellite or 116'5. In
searching for this allowance will have to be made for the prevalence of displacement

‘in the lower orders. As a fact, however, this only appears for m = 3 in F}, although in’
F, there are considerable signs of it. The following table with succeeding notes
contains the data, including also those for the corresponding F series ; also for certain
lines which show a separation about 150, and which may probably be the analogue of
the 1864 X series. .

We shall denote this last set by dashing the letters.

The formula obtained from the two first ¥, lines and the given limit is

¢ 2
n= 27831'95—N/{M+'757701+ w00g544} :
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The O—C between observed (or deduced from observed) and calculated are given

under the heading d.

As before () refers to deduced lines [ ] to calculated.

m. F. dX. 27831 95. F.
—(4) 740433 (P) * [63066]
. 11565
~(4) 728868 (P)
(1) 13444-52 (P) . 8142 (42218-33)
11612 11589
2 (1) 1356064 (P) (42334 22)
150-91
[ (1) 1359543 (P)
[20073°40] . 8114 (35588 89)
11685 114342
5 (20190° 25) (357032 % 9)
15105
| (4) 2022441
[89-50]
(10) 2299157 39 8013 (52668 69)
11631
49 (32785°0)
[ 150°50
| (2) 32519-19
( (24-49] [50-88]
[ (5) 2452194 42 29°60 (1) 31137-27
5 115°31 11657
(24637-95) (31253°84) "
150°29
| (31287+56)
(| (2)25429-98 17 3212 (1) 3023496
11654 11685
6 (25545 82) (4) 3035181
15284 '
| (1) 25582-12
(26010°63) ~-19 3329 (3) 2965576
. 116-44
(26127-07)
(| (4 2640201 - 07 30+99 (29259 97)
[ 114-27 118°82
8 (26516 28) (29378 79)
14775
] (5) 2654976
(| (1) 26679-62 ~ -0l 34-96 (3) 2899030
| 11900
9 4 . (2910930)
15375 150°51
[ (1) 2683337 (1) 29140°81
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m. T N 97831 95. F.
(5) 2688578 ~ 99 34-10 (1) 28782 42 |
10 148-23 |
(1) 2893065 |

Notes.—Displacements are in evidence except for Fy. A desired wave-length can be obtained very
closely since a 8; displacement produces a change of only +42. Consequently in deductions by displace-
ment the results have little weight, and in fact would have none at all were it not that we now know as a
fact that such exist. TFailing such likely displacements, recourse has been had in a few cases to linked
lines and here their evidence has weight.

m = 2. For Fy, (—163) (1)42192-13 = 18-21; (99) (1) 42233-12 = 18°45; mean taken. For Fy
(- 58) (1) 4232607 = 34-22. '

m = 3. There is no observed Fy, but (3) 19351+20.e = 20070*91 or with E. V. 71-65;

Fy (8) (TAg) = 2010385 and 20105°52 is observed by E.V. dA = — +42.

For Fy, (- 388,) (4) 20174-83 (E.V.) = 90-22; (208;) (2) 2019839 = 90°29 mean taken.

For Fy, (- 58) (1) 3558078 = 88-88, also Fs, (- 55) (1) 35695-03 E.V.£2 = 703+ 18+ 2.

m = 4. The observed line for F; is much stronger than should be expected ; also its O ~C is in the
opposite direction to that of the others. It may be displaced by A; on the sequent and so intensified.
The A; would produce O—C = *00 and the observed = F; (4) (A;), or it may hide the real Fy. Fy
is inserted as 32819 - 150°50. It only indicates that 32819 is the correct value of F. F, is given as
(58) (1) 32793-11.

m = 5. Fyshows a link ¢ = 71981 to (3) 25241-75. Iy is entered as (189) (4) 2466559 = 3725,
but has no weight. Fy = (1549) (1) 31279-10.

m = 6. Fy is the mean of (-68;) (2) 25536156 = 45°87 and (76) (1) 2655712 = 45-78. The
calculated value of F; gives a better 1517 to F';.

m = 7. The calculated F; is 26009+ 30, The deduced value is (1) 25290-92.c = 26010+ 73, which again
has an apparent approximate e¢ link = 720-77 forward to an E.V. line at (2)26731-40. This is
however a coincidence as the last line is S, (2). In connection with the linked line 2601073 may be
taken the pair of lines (— 68) (3) 26001-11 = 10-89 and (743) (3) 26022-85 = 1063 whose mean agrees
precisely with the former. For F;a similar split with two may be observed ( — 248)(3) 2612303 = 2707
and (28) (1) 26130°61 = 27-30. '

m = 8. Fyis (B) 2679657.¢; also (- 28) (2) 2651275 = 16:05. It may be noticed that the separa-
tions to Fy and F' are both about 2°3 too small, or 143 on the limit. Fy is (2) 28540°26.¢ and Fy is
(1) 28659-08.c. 'These linked lines in this order are therefore reliable.

m=9. Fyis (1) 28389-59.c. ‘

It should especially be noted how with increasing order the normal calculated lines
appear as observed with good intensities. . As in the other instances it suggests 1tself
that this is due to the diffusion of the energy of the lower order lines into the
formation of numerous displaced ones. The usual accurate determination of the limit
as the value of % (¥, +F,) is not here applicable as, for the reason given above, the
determination of the actual displaced lines is unreliable. These values are printed in
italics. The more reliable results point to a limit higher than that calculated in
S (), with ¢ about +2. '
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The Value of the Oun.—The preceding results for the D and F series afford material
for the more exact determination of the oun. The D,, line 23899 must have a
mantissa which is a multiple of the oun, though not necessarily of A, The mantissa
of the F (1) =—7404 should be a multiple of A, PAscHEN'S estimate for the
maximum error of the F (1) is 1A, and Kavser's for the D (1) is "02A. These
mantissee are, introducing the actual errors as dx = p,, 02 p,

985098 +4°06p,—35'66¢
764245+ 137p,—25°03¢ = 728 {1057°047 + '0190p1~’03465}.

In the case of I (1), given that its mantissa is a multiple of A, the multiple must be
723 for 724 or 725 would alter A, by 1°5, whereas we already have its value as close
to 1057°0. The mantissa of d,, is so large that by itself it is not possible to determine
the oun multiple. But the difference of the mantisse of d,, and f is much smaller and
also an oun multiple. Tt is |

220853 —187p, +4°06p,—10°66¢
= 209 {1057°047 +'0190p,— 0346} — 53, +2— 177, +406p,—3°67 &

Even this is too large to settle the multiple on account of the observation errors and
uncertainty in & It may be an oun more or less. The following consideration,
however, will give some indication on this point. The mantissa of the satellite 23782
as found above was 4A,—64; above that of D;,. Consequently its complete mantissa is
209A,—58, £ — (44,—60,) = 205A,+3,+4, above that of f(1) or = 9284, or +4, or
+28,.  Now this is so close to the A, multiple as to point to the fact that this satellite
is the fundamental one, in which the rule is a multiple of A, for the mantissa when
there is no relative displacement with the second or third of the triplet satellite set.
But here the observed » is 17992 = 179°50+ 42 and "41 is the change produced by an
oun displacement. In other words the mantissse of the D), D, lines are either
M(4A,), M(A,)+4, or M(A,)—4, M (4,). But it cannot be M (A,)—d,. Hence if
the multiple law holds here it must be in the D, satellite, the —J, must be
taken above, or the difference is 209A,—64, and 16'4—177p,+406p,—369¢ = 0.
This is easily satisfied by moderate values of the p’s and & Further, the mantissa of
23782 is 928A,%*
This makes the mantissa of D,;, = 932A,—64,, whence

9324, = 985098 +64,+... = 9851849 +4p,—35'66¢
A, = 10570644 004p,—0382¢&.

* Tt may be noted in passing that the satellite separation is 11657, but is reproduced in the F series
as 11565 (P.) for m = 1, 116-12 (R.) for m = 2. The latter, more reliable, is *45 less than the corre-
sponding satellite separation. This general effect is therefore completely explained by the F limit for the
second series being das in place of dis. .
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The D, satellite gives

928A, = 980956 +p;—35°44£,  obs. error = "02p,
A, = 1057°064 4 '04p,—0382¢.

Also the f(1) gives
| A, = 1057°047 +°0190p, —0346¢.

The value of £1in (1) is not precisely the same as in the others as it involves the
observed error in D,,.  If ¢ is the value for d,, (1) that for /(1) is £é—12p, (dx = "02p,)
and ‘

A, = 1057047 +0190p, + 004p,— 03464

Thus p; is of the order ‘9 and the best value is
A, = 1057°064—0382¢+ 004.

The value of ¢is probably a very small positive quantity. The O—C for Dy, (4) is
dn = 125 pointing to a positive & The data for the accurate determination from
% (F+7F) are defective. Of directly observed lines those for m = 6 appear reliable as
the separations are good. This gives the limit as 27832°12 or ¢= "17. Failing any
better determination we put ¢ = ‘17 +¢ '

A, = 1057057 —"0382£+004. d = 57'9209—"0021¢ +°0002.

Probably
EF 1 and d=57"921+002.

The manner in which so many independent conditions fit in to give this value is
very remarkable, and should give great weight to the accuracy of the above value. It
must not, however, by itself be regarded as a definitive value free from all possible
doubt without further support from independent groups of D or F series. This is not
easy to obtain. In the first place the spectrum of A seems to approximate more to
the doublet sets of He, and we lose the advantage of dealing with triplets. Again, it is
clear from the way in which the lines are crowded in the region below n = 2300 and
in which modified separations in the neighbourhood of 180 preponderate that a large
number of displaced groups must exist, and displaced groups have generally shown a
fragmentary quality. It is difficult, however, to deal with these in the same way as
in Kr, X, or RaEm, because the oun is so small that the separations produced by one
oun displacement are comparable with observation errors or uncertainties in the
limits. *

* T had prepared the details of an additional D group with corresponding F and F series depending on
a displaced D (). As however, while supporting the above value of the oun, it does not decrease its
possible error, no present object is to be gained by printing it.
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The separation 150 has been referred to as probably the analogue of the 1864 F
separation in X. The reasons for this supposition are based on its magnitude and its
occurrency curve. This separation in Kr, X and RaEm has been explicable as due to
a displacement close to 5A, on the mantissa of a d (1) sequent. In the present case
the example taken is not the most important F series, but its limit will be near that
to which the separation is due. The displacement required in it to produce a
separation 150 is very close to 5A,, in fact 5A, produces 149. The separation in
question then is caused by displacement of the normal A,-multiple for this series.
The second reason is based on the form of the occurrency curve, which shows the.
same sharply defined single peaked curve as in X. It is represented in Plate 2,
fig. 5.

It may be interesting to note that all STARK’S A*++ lines, 7.e., whose sources have
lost three electrons, all show e links except one. They are

(3) 23674 71923 (3) 24393
(3) 28696
(2) 24053 71922 (4) 24772
72190 (1) 23639 71946 (7) 24359
?F, (5). (5) 24521 71981 (38) 25241 -72024.

Neon.—The principal sources® for measurements in the spectrum of Neon are
observations by LiveiNe and DEwAr, BarLy, and Warson. These have been
~supplemented by interferential measures by Prirst, MEGGERS, and MEIsSNER.  Rosst
has added a few lines down to 2352. Through the kindness of Mr. W. F. MEGGERS
I have also had the advantage of using an as yet unpublished list of very accurately
measured lines made by himself and Messrs. BurNs and MERRIL at the Bureau of
Standards in Washington.t The lines by Liveine and DEWAR are only roughly
measured, butas in the case of the other rare gases comprise many not observed by
others. BALY's list extends from 6717 to 3037, WaATsoN's from 7245 to 2736 and
contains-a considerably larger number of lines. Both in BArLy’s and WATson’s lists
considerable gaps appear with only a few strong lines, especially between 4250 and
3500. These are filled by a number of weak lines observed by LiveiNG and DEWAR.
These latter are very important for the complete discussion of the Ne spectrum as
they represent the scattered displacements and linked lines of low order series lines
which normally should occur as single strong lines but which are here wanting.

* LiveiNe and DEWAR, ‘Roy. Soc. Proc.,” vol. 67, p. 467 (1900); E. C. C. BALy, ¢Phil. Trans,’ A,
vol. 202, p. 183 (1903); H. E. WatsoN, ‘Roy. Soc. Proe.,” A, vol. 81, p. 181 (1908); J. G. PriEsT,
¢Bull. Bur. Standards’ (US.A), vol. 8, p. 2; W. F. MugcErs, ‘Bull. Bur. Standards,’ vol. 12, p. 198
(1915); K. W. MEISSNER,  Ann. d. Phys.,” vol 51, p. 115 (1916); R. Rossy, ‘Phil. Mag.,’ vol. 26, p. 981, .
(1913).

t Referred to below as B.M.M.

3P 2
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Unfortunately L.D.’s measures are only given to 1A, and thereby their value is
greatly diminished as they become merely indicatory and cannot serve as quantitative
data. The accuracy of Bary and of WaTsoN is good and probably about the same.
Priust claims an accuracy with probable error <*0005A, MrissNER with error not
>"0015, but the accuracy of an interferometer measure depends very largely on the
nature of the individual line. MEGGERS results are exceptionally valuable in that he
gives interferometer measures of a number of lines of small wave-length 3701 to 3370
where the S (2) and some of the higher order F lines occur. Rosst has succeeded in
allotting lines to series.

Neon affords an apparent exception to the rule amongst the rare gases of different
spectra, according as they are developed with or without condenser in the tube
discharge. On the other hand its spectrum would appear to be a composite one of
the typical “red” and “blue” spectra. It undoubtedly has a portion analogous to
the “blue ” as will be seen by the results obtained below, completely analogous to those
found in this communication for the other gases, which refer to their ““blue” spectra.
On the other hand in some remarkable sets of accurately equal separations discovered
by Warson* it shows a relation to the analogous well-known constant separations
observed by RypBErG in Argon. Further, it is specially rich in lines in the red region.
In the list of lines observed at the Bureau of Standards referred to above there are
225 between 8783 and 5689. Since in each periodic group of elements the number
of lines as a whole increases very rapidly with the atomic weight, the excess of red
linesin Ne is even comparatively greater than the actual number shows. The majority
of these lines are weak, but they almost all fall into a few definite linkages in which
the links are the constant separations discovered by WArsoN. Some of these special
linkages again are connected together by the p and s links, especially the e..v.
They belong to the F type of order m =2, and should afford most valuable
information as to the way in which parallel and displaced lines are related. I hope
to return to this question on a later occasion, and only refer to them in the present
discussion incidentally as they afford some evidence for the determination of the
value of the oun.

The wave-numbers of observed lines published stretch from 13251 to 36536.
From analogy with the spectra of the other gases we must not therefore expect to
find more than one order in each of the S and D series. Nor, with its small atomic
weight will the e.u.v links be large enough to act as efficient sounders. On the other
hand the whole of any F' series (m = 1 excepted) should lie within the above limits.
It is therefore clear that the attack on the problem must be made first on
this series. One datum at least is at our disposal in the magnitude of the oun.
Taking the atomic weight at 20°0 + ‘01 the calculated value of & is 14°47 + "01.
This value of 1447 may therefore be treated as exact to one or two units in the last
digit. ‘

* ¢ Proc. Camb. Phil. Soc.,” vol. 16, p. 130 (1911); ¢ Astro. Journ.,” vol. 33, p. 399 (1911).
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The F (2) line should be a strong one in the neighbourhood of 17000. There are
a number in this region. The lines in the following list are found to give a good
- series and 1s doubtless one F series. In this case we possess the great advantage of
very accurate interferometer measure of the 1st, 8rd, and 4th lines in international
units. These are used to determine the formulse constants. The wave-lengths are
given as measured, the wave-numbers are all in Rowland units.

NeF.

m A n 0. 0-C
2 (10) 5852-48 1. 1708146 00 *
3 (0) 415774 R. 2404488 *05 - 05
4 (5) 370089 1. 27009 - 47 <00 ¢ *
5 (5) 3501-22 1. 28552+ 37 00 *
6 ) 3393 R. 29464 -2 1:00 - 66

(3417.¢) R. (29454 2) 1-00 (-47)
7 3329 R. . 3003057 1:00 *58

Notes to Table.—For the first line PRIEST gives A = 58524862, MEISSNER 4875,
and MEGGERs "488. These all give the same wave-number to the second decimal place.
The second is a weak line by WATSON not observed by Bary. Barnv gives a line,
intensity 4, n = 24039°45 not observed by WamsoN. We have here a concrete
observational example of the facility with which a normal F line of low order can
split up into displaced lines by slightly different excitations. In this case the
mantisse difference in the sequents is 159 and 115 = 1591, so that 24039 is
F(8)(—118). The third line is a strong line observed by both Watsox and Bavy,
but the measure used is deduced from an interferentially measured line n = 28439°801
by deducting the WarsoN link separation 1429429 (both accurate). W ATSON'S
measure is 2700995, The line for m = 5 is by MEceERrs, but WaATsoN gives the
same 7. The remainder of the series comes in one of the gaps referred to above in
which only L.D. have observed. They give lines which may serve for m = 6,7. Also
for m = 6 there appears a linked line at 29257°2+¢ = 29454'2 (using the value of ¢
found below). The calculated wave-numbers for m = 8, 9, 10 are 304226, 30703°3,
30906'5. No lines are observed between 30203 and 30722. The last two have lines
by L.D. near them at 307227 +9, 30922'3+9.

The formula as found from m = 2, 4, 5 1s

‘ 2
n= 31850'19——N/{m+'794726— 3%5_4} .

The calculated value for F (1) is X = 1224197 n vacuo.
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There can be little doubt about these lines forming a series, but there is so far no
independent evidence that it is of the I type beyond its analogous position in the
spectrum to that of the other rare gases. If it is of this type we should expect to
find a number of parallel series as well as of the associated F type. Tt is then
necessary to test for these conditions.

A considerable number of parallel series can be arranged all weak for m = 3 as in
the original series. Some of these are given in the following list in which the

numbers in clarendon below the wave-numbers give the separations from the corre-
The others are

sponding F lines.

Those to the right of the vertical line are added.

deducted.
267 (0)...71
(1) 16768 (8) 16816 (2) 16831 (2) 16845 (4) 16889
312-73 | 556 (0)...74 26536 24959 23584 191-63
28628 — (0) 23798 (1) 23812 (2) 23854
315°2+3 24669 23258 191-29
26695 26745 26766 (1) 26776 26816
3146+ 3 264 +3 244 +3 23333 193+ 6
.(9) 28396 (1) 28302 28216 —
26283 25028 228 +6
(3) 291961 — — 29257
2617 200 +9
(5) 16925 (1) 16948 (5) 16996 (5) 17222-> (7) 17342
15586 11300 8523 141-51 261-22
_ _ _ 24188 24312
13846 267 +6
26860 (26892)* (2) 26922 (4) 27148> 27285
150 + 6 117+ 87-10 138-83 275 +6
(9) 28396 (5) 28438 (4) 28474 . (5) 28888 (28819)+
15633 11361 87-57 13868 267+6
(3) 29196.1 29348 29369 (1) 29592 29727
1550 11549 89+9 134-15 268 +9
80175 80194
1399 265 +9

The wave-numbers in italics are by L.D. and subject to probable errors dA = ‘5 and possible d\ = 1.

For values of links see below.

* w.269976 = 26891-0; 266948.¢c = 26891-8.

T w.28927 = 28820°3; 28711 = 288177, mean taken.

1 One at least must be a coincidence, or the two series can simply be linked by u or .
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Still more striking, and as will be seen later, important, are parallel series with the
separations discovered by WatsoN. In addition are found also others at 1932 behind
F (2). They are

(5) 1514924 1932:22 F (2) 142938 (6)18510'84 42233 (1)18933'34
22103 1941'7+5 F (8) see Note*
25087 19229+6 F (4) 142943 (6)28438'85 41744 (4) 2885629
(3) 2662853 1924+ . F (5) 1426+8 299765 424 30203.et

* F(3) has a link 423 to 24467 £ 5 and then 1432 to 25899 + b suggesting a mesh in which the required
line is wanting. Here the 1932 separation goes better with the strong displaced F(3) 24039-45, giving
1936 +5. The mesh should be

‘ 423+6 24467 1432 +
F(3), 24044 25899
1429-42 [25474-30] 425 +6

t Note that 1426 + 424 = 1429444206 £ 9.

Any lines of the F type up to m = 4 will unfortunately lie in the ultra-violet
beyond the observed region. F (4) should be 86690, and the largest frequency
observed by WaTsox is (1) 86536. The others should be weak and in a region where
glass apparatus would only allow strong lines to be registered. F (5) should be at
35148°01+2¢ but is not seen. The line 852592 is about a v link ahead, in fact
©.35259'2 = 35152°4. It may, however, be noticed that 36536 above is just 154
behind the expected F (4), so that it is the F line corresponding to the parallel F set
above with the separation 156 (say F'). In the same series is also found
F' (6) = (2) 34087°1 corresponding to the F’ (6) = 29196.u. These are of value in
that it gives the means of determining the limit with great exactness. Denote the
parallel series by F'.  For m = 2 using B.M.M.’s measure for F’(2) the separation is
17081'46+0—16925'43+°05 = 156°08+°05. For m = 5 both lines have been
measured interferentially and the separation is 28553°342—28397°167 = 156°175,
correct to the second decimal place. The two separations differ by more than the
allowable observation error, and is possibly due to the common change in sequent for
series with different limits. In these cases in the separation with the larger m, this
effect is very small. Consequently we are justified in taking the separation as 15617 +0.
For m = 4 we have F (4) and F' (4) but only a L.D. line for F/(4). The separation,
however, gives its exact value as 2700947 —156'17 = 26853'30. F'(4) is 8653662
+°'66 (dx = '05). The mean gives the limit for the I’ series as 3169496+ 33 and
consequently for F as 8185118 +°33, 1.e., £ = "94+'33.

But further in the neighbourhood of calculated F (6) = [84242] are found also
(1) 3433606, (8) 3391808 respectively 94 ahead and 3239 behind it. In analogy
also are found (5) 17176°34, (3) 16757°91 respectively about the same amounts ahead of
and behind F (2), but no other corresponding F (m) lines appear. We are justified in
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taking the first two lines as really in the relation indicated, and are thus enabled to
arrive at the value of F (6). Using B.M.M. measures the separations given by the
F (2) lines are their differences from 17081°46 or 9488, 323'55 with very small errors
+°05. These, therefore, give for F (6) 84336°06+'25—94'88 = 34221°18+°25 and
33918'084+'5+323'55 = 34221°63. Both are therefore within error limits of their mean
34221°40. With this for F(6), and the limit corrected as above to 3185113 the
value of F (6) is 29460'96. 'With the value calculated from the formula O—C = —23.

As illustrating the way in which D and F sequents are subject to displacements, it
is interesting to mnotice that although the separations 94, 323 do not appear as
directly dependent on F lines after m = 2, they mnevertheless occur in the
neighbourhood. It will be sufficient here only to refer in detail to the case of
F(4) = 27009°47. At about 50 ahead of this there is a line (6) 2706060 (W.). With

this there is the following scheme :—
26766°3 (I.D.) 966 268634 (L.D.) 1972 (0) 2706060 (W.) 3214 27382 (L.D.)

As the L.D. lines are subject, even if correct to the nearest A.U., to equally probable
errors between dx = +°5, or here to dn = *4, these separations correspond to the
94°88, and 32355, whilst 197°2 is the link e. The displacement of 27060 from F (4)
may then be in the F sequent or the limit—probably the former, or @, b or ¢ link.
The existence of the parallel sets, the indications of the associated F types, and
the nature of the displacements all point to the conclusion that our original series is
of the F type. Consequently the limit F (o) = 3185118 is a d(1)sequent, but
there is nothing as yet to show whether it belongs to a d,, or a satellite set. If,
however, we can find a D (1) set the value of D () can be obtained with sufficient
accuracy to obtain the valuesof A,, A, and the e link. The further consideration of the
F series will therefore be postponed until this further information has been obtained.
It has already been remarked that only the S (2) and D (1) lines in any S or D
group can be expected within the observed region. A superficial inspection of the
list of lines shows a very large number of separations in the neighbourhood of 46
to 49 and about 20, clearly related to v, v, values as they show the normal ratio v, : w,
and are in step with those of the other gases. In about the region in which the
D lines should be expected BaLy gives thte strong set (4) 2120090 49°24 (4) 2125014
with an equally strong line at (4) 21280°11 which might be a D,, line to the doublet
D,, set. Warson, however, gives other strong lines as well, including a triplet.

These give
(1) 2115677 (W.) 4818 (1) 21204'95 (W.) 1971 (4) 21224'66 (B, W.)

4413 4519
(4) 2120090 (B.) 4924 (4) 21250°14 (B.)
(5) ‘81 (W.) 4936 (5) 19 (W.)
29-21

(5) 21280°11 (B., W.)
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We are justified by its form in taking this as a D (1) set for a preliminary trial,
although the satellite separations are not in the usual ratio of 5:8. It is not so clear
that the particular F () just obtained is a d sequent belonging to it, nor, if so,
whether it is a d;; or a satellite sequent. The latter point, however, will have little
effect for our immediate object--the attainment A,. A,.e—as the differences are
small and may be included in an undetermined & The probability is that as this
seems the only prominent D triplet set, it belongs to the normal group and that our
F () belongs to it, although on this point something will have to be said later.
We shall take on trial that F(«) =d,. In this case

D, (@) = 21230°11+81851°13 = 5308124 + ¢

This should also be S, () and should give the separations by oun multiples in the
denominator of the sequent. The three S or D limits would then be

53081°24+¢ 49?4 5313048 +dv,+¢& 1971 53150'19+dy, +dv,+ £

where £ may be considerable, owing to uncertainty as to 31851 being of d,, or satellite
type. The mantisse of these are

437428 —13°540¢, 436752—13'521¢, 436485—13'514¢

which give as differences :
A, = 666—"019£-+18'5dy, = 46 (14°477 +'29d»,—0004¢)
A, = 267 —'007 (£+dv,)+13'5dv, = 18% (14°432+ 73w, — '0004¢),

in which it must be remembered that calculations with seven-figure logarithms give
uncertainties of a unit in the last digit. The direct calculation of ¢ from the atomic
weight has already given §=14'47+'01. This gives 460 = 6656+'46, 18%J
= 267'69+'18. Thus these limits give without any doubt the true oun multiples
in A, A,, and the calculated A, then gives a closer value of 2677+'2. No possible
change in ¢ can affect these results. Further, these multiples are quite in step with
the march in the other gases. The remarkably close agreement sustains the allocation
of the F' () to the d sequence of this set, although not necessarily to d,,.

As a further test the satellite separations should be due to oun displacements in the
sequences. These separations are 2921 and 45°19, taking the latter because 21224 is
a good measure (B. and W. agree) and the observed », = 1971 agrees so closely with
the A, value and the », is subject to the very common triplet modification. These
separations require displacements in the sequence mantissae of 851 —"040£+29dv,* and
1318—"060£+29dv. Now 598 = 8537+1'2, 9084 = 13131 +1'8. This is sufficient to
give the satellite multiples, but as the oun is so small, & = 8'62, the close agreement
cannot serve as evidence one way or the other as to the satellite nature of the doublet

¥ 'WaATSON’s value of the separation 29°30 makes this 2°6 larger = 853-6.
VOL. COXX.—A. 3 Q
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and triplet lines in question. The points against the allocation of these lines to the
normal D group are, (1) the satellite separations are not in the usual ratio 5:3 (they
are in fact close to the ratio 8:5), (2) there is no appearance of satellite lines
corresponding to the parallel F lines noted above, and (8) the limit 53081 is somewhat
larger than we should expect from the march of the limits in the other gases.

Taking 1t, however, as the limit, it is possible with the given value of A, to
calculate the link e. The result is 197 +4dy,. The occurrency curve as found from
B’s and W.’s observations is given in Plate 2, fig. 6. The dotted line is the result
when the numerous rough measures by L.D. are included. As is seen the maxima
occur at 195°6 and 198, the calculated, at a minimum. The peaks look as if analogous
to corresponding peaks found in other elements, but the analogy is doubtful. In the
other elements these (much larger ones) are produced by the prevalence of displace-
ments by a few ouns, and by A, operating on (x8) S ). Such changes here would
be very small and the corresponding effects are really shown by the flattened tops of
the peaks. The peaks themselves are due in all probability to another cause to be

considered shortly (p. 458).
In the region in which the S triplets should be expected are found (all interferential

measures)
(6) 28787'86 4981 (5) 28837'67 1861 (4) 2885628

with intensities in the proper order, although the », », are slightly different from
those obtained in the D set. The interferential measures of MEcGERs and of B.M.M.
differ considerably (‘008) and are not so reliable therefore as usual. Bawry and
WATSON agree in giving the separations as 4972, 18'64. The third line, however,
has already appeared in the quite definite relation 1429+417 ahead of F(4). It
cannot be S (2), but the latter may be a weak line close to it.

There is also another doublet set

(10) 2781889 4775 (1) 27866'64}
49-93 (1) 6882
(8) 73 4807 (1) 680

The suggested S, line is abnormally weak. There are, however, here a
number of other weak lines which have the appearance of displaced debris. If the
first set form a S group, the second would belong to a group with smaller limit,
which is also indicated by the smaller triplet separations. The limit 53081'24 was
obtained from apparently the only stable D set, whilst the first set are apparently
the only stable strong S group. It is natural therefore to take its limit as the same.
If so, the limit for the second, being 969°03 (or '35 dv) less, is 5211220. The two
mantissee are 437420—13"54¢ and 450728 —13"92¢+18'92dy.  Their difference is

13303 —"38£+183'92dy = 20 (665°'15—"019¢+ 7dv) = 20A,.
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Furthermore the observed separation 47775 requires, on this new limit, a displace-
ment 664+13'9dy,. With dy, = 11 we have A, the same as before, 7.e., the 47°86 is
the proper », separation of the new limit. The v, proper to this limit should be 1915
giving S; = 2788590. This is not seen, but the w-linked line is possibly given by
L.D.)s line 27995'5+4—106'8 = 279887 +4. The actual S, line appears split up into
the additional displaced lines, each (1) 2785826, (1) 2786882, (1) 2787363 from
observed S, As a parallel u-link to the first we find also L.D., 27964'2+4—106'8
- = 27857°4+4 for actual 58°26. The oun is too small to decide whether the displace-
ments are produced in the limit or the sequent.

- The limit for this new set, 52112°20, is more in step with the progression of the
other gases, viz. i— ’

Ne. A. Kr. . X. RaEm.
52112 51731 51651 51025 50403

It is possible to get an estimate of the w.v links although there is no means
apparent, at present of getting the exact value of s(1). Either of our S groups gives
the same value for s(2), viz., 58081'24—28787'86 or 52112'20—27818'89 = 242933.
The denominator of this is 2°1248, so that the u+af2 of s(2) is '1248. We can get
an estimate of the value of s(1) from the law that (a+3A,)/(x+2%4,) is about "2 in
the other periodic groups. The corresponding values in this group are A, 189 ; K,
198 ; X, "222. If the ratio ‘18 is taken for Ne u+a comes to about ‘1139 with s (1)
about 89000. These are only rough estimates, but the values of w.v will only alter
slowly with considerable changes in s (1). The values calculated from this 89000+ ¢
with A, = 666 are

u = 10678 +'0017¢, v = 10686 + 0018

This shows that although the value of s (1) may be extremely rough, those of u.v
may be relied on within a few decimals.

One is inclined to regard the weak S set as that which is analogous to those
determined in the other gases, and which certainly belong to the blue spectrum, and
that in Neon, which shows only one spectrum, it is composite, and the blue not
strongly developed. The question naturally arises whether there is any evidence of
an unstable or weak D set with the same limits, z.e., about 969 behind the former D.
There is a set in this neighbourhood

(0) 20173'82 4286  (2) 2021668

of the right order of inverted intensities and a small v, possibly a case of the common

D triplet modification. With the limit 5211220 the mantissa of 20173 is 853094,

which is 873 greater than that of the old d. This is within error limits of 266 = 376

This may be explained by the supposition that the d sequence is not affected by the
: 3 Q2
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limit and that the present pair run parallel to one 264 above the old D;;.  If this existed
1t should be 2114264, 2119198, 21211'69. There are lines for the last two but none

for the first. They are
[2114274] [49-24] (0) 2119061 2010 (6) 21210°71.

There is thus considerable evidence for the existence of parallel S groups as well as
of parallel D ones. Fach set has its corresponding », v, separations, but with the
same oun multiples for A;, A,, We should consequently expect to find the presence
of corresponding @ ... ¢ links.  'With the S limit 52112 the e link is found to be 191°49.
Now the occurrency curve for ¢ gives a maximum between 195'6 and 196 pointing
to a S limit as basis about 650 less than 53081 or, say, 52430. This makes ¢ = 19563,
v, = 48'9. Do we find evidence for S and D sets about this amount less in wave-
number than the old ? For the S we are landed in a region which forms a gapin B.’s,
or W.’s observations but which contains a number of lines by L.D. Amongst these

we find
S;. Sa.
1429
195'7}27964i4 47 28011 +4
1059
213

28177+4 40 28217 +4

The suggested S,, S, fall into the proper positions, the link 1429 is one of WATSON’S
constants, 1957 is the e link proper to the limit, 1059 is w or v, and 213 is 2u or 2v.

For the D sets we‘find amongst W.’s lines

(0) 2055135 4962 (2) 2060097 _ .
15751
(3) 2070886

The 20551 is 601 below D,, = 21156, which when the variability of the satellites is
considered may be taken as the analogue of 610 for the S set. If it is corrected™ by
dn = "7 (dx = —"17) the », becomes the correct value 48°9, and it is then also separated
from 20708 as a D, line by 1568, which at once suggests the origin of the 156
parallel F and F sets previously brought to light. If this relation be real, the old
F () 381851 is a d satellite sequent, belonging to 20551'35 or ...2°0 and the limit is
20552°0+31851°13 = 52403°13. Not only is the 156 separation found, but there are a
large number of lines in the neighbourhood which give, possibly within the error limits,
the other separations indicated by the traces of parallel F series adduced at the
beginning. Also as indicating a D region we find large repetitions of ¢ and b links

* Not necessarily error, probably the usual D displacement on sequent.
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characteristic of D linkages. As referring to the F series we find, starting from 20551 —

which corresponds to 31851—
(3) 2055684

4413
(0) 2055135 4962  (2) 2060097
(0) ... 202 85'81
114-84 (0) 2064261
(5) 20666°19
15751
Dy, (3) 2070886
19442
(2) 2074577
23202
(3) 2078337
249-22
(1) 20800°57
26939 312:66
[20820°74] [48'78]  (2) 2086952
304
2175'00 (0) ...72:56 } 561
- 257

(1) 20826'35 4878  (4) ...75°13

There is also (1) 20542°57 at 166°29 behind the D, line 20708°86 which seems related
to Rossr’s series referred to later.

The application of the D qualification test is unfortunately here nugatory on
account of the smallness of the oun. It is, however, striking that so many of the F
separations put themselves in evidence. This agreement adds considerable weight to
the allocation. The evidence is also practically convincing when the Warson
separations are brought into evidence as is done a few paragraphs below. Support is
also given in the doublet system shown in connection with 20826, which show the
same small displacements as are exhibited in the first of the parallel F sets adduced
above. In this case to 20869 as a D, would correspond a [20820] as a D, 269°39
‘ahead of 20551, whereas the F is 31278 behind the corresponding F, line (17081).
If the two sets correspond, s.e., the d sequent and the ¥ () for this set are the same,
the D group must belong not to 20551 but to a parallel D group in which the limit
is 81278—269'39 = 43'34 behind the normal D (). Now this is the separation of
20556 behind 20600. In fact the separation of 20556 and 20869 is 312°66. This
further indicates that 20556 1s a D, line in the position shown in the above table, in
which the corresponding D, line is too weak to have been seen. This also gives another
T separation—85—with 20642. The change 44'13 on the D limit requires a displace-
ment on the mantissa of 611 and 4218 = 611'8, which is exact. The », corresponding
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to this new limit, with A, = 666, is 48'30. The difference between this and the
observed 48778 is just within our assumed possible errors on two lines.

Again, the double line 20600°97, 02'02 apparently reproduces itself in the I group,
as MEISSNER says 17081 shows also a weak component. It is also in evidence in
another relation as we shall see immediately.

The existence of parallel F series with WATsoN’s separations and also 1932 has
already been pointed out, viz.,

e 1932 F (1) 1429 « 422 »

If these depend like the others on D series, the same separations should be found in
the reverse order. They do not appear with D,, but they are seen with the stronger
line D, = 20600, with which also the linkage relation enters. Thus

) 1925+3 22526
142868 (2) 20600 97{1429,45
}(4) 22080

142846 (8) 18753 41913 (1) 19172

1429'73  (0) 2060202 1428'40
in which there is also a mesh between 19172 and 22030 and a link back from 18758.
There may also be a forward 1932 linked line if L.D. has dx = —1'1. Tt is striking
that a mesh is repeated in the F (1) set. Thus

142938 18510°84 422:50

1708146 1893334

143024 1851170 421-64

The separation of the 20600 lines is practically repeated in the 18510.
The pa,rallgl D set, with D, = 20556, also shows traces of the separations, with the
mid lines not seen, in analogy with the weak mid one just considered. Thus

(7) 18709 41786  [19127] 142942  (3) 2055684

The absence of the corresponding lines connected to 20551 may be due to the
scattering of the lines by displacement. The wanting lines should be [19122°07],
[18704°6], the former corresponding to the weak 19172 of the second D group. Now
we find strong lines corresponding to both these at the same separations ahead and
suitable for the same displacements, viz.,

[19122°07] (1) 1917229
2079 2027
(b) 19142°86 (4) 1919256
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These numerous F and D relations render it certain that the sets of lines adduced
belong respectively to sets of F series and the D series. Moreover, it suggests that
the source of the 1429, 417 separations is the d sequent or F () = 81851°13.

A possible supposition is that their source should be in the S () limit. If so we
should expect it to appear strongly in the S lines, and so in the S, (2) lines considered
above. As a fact, however, there is no sign of such in either of the S groups adduced,
except a very dubious one 1425 between two L.D. lines each of which has an
ambiguity +4. It takes place between S, = 27964 and 26539 backwards, so that if
its source were here it would be a positive displacement on S () or a negative one
on s(2), both unusual. The strongest argument for its source being in the 81851 is
that the separations in question show themselves in all orders of F(m)—in other
words, occur in the limit F ().

The Value of the Oun.—It has already been found that the value of the oun
calculated from the chemist’s atomic weight is 14'47+°01 and that the oun
multiple for A, is 183 or A, = 267°70+02. This is too small—or the inexactness too
large—to obtain a more accurate value as in the other cases directly from the F or D
mantisse. It is, however, possible to arrive at an extremely accurate estimate by
proceeding step by step with successive approximations, and for this purpose the F
separations are clearly at disposal. The wave-lengths of many of the F (1) lines are
very accurately known (B.M.M. will be used), they are so large that the dn are small
multiples of dA, and being of order m = 1, an oun displacement will produce a
comparatively large change in n. In spite, therefore, of the smallness of the oun it is
possible to get some definite information. The reliability of the information will
- depend on two assumptions—

(1) That the lines employed are F lines parallel to the series F (1) = 17081.
(2) That no displacements occur in the f sequents themselves.

If the assumption (2) is not satisfied the series in question will not show constant
separations from the corresponding F, (m) lines, but will converge or diverge with -
increasing order. The lines we shall make use of have been measured probably up to
a few thousandths of an Angstrom, and the accuracy is greater than one in the
seventh digit .in the value of n. Moreover, in calculating with seven-figure
logarithms, in which also we have to do with differences between two numbers, errors
amounting to unity or more are liable to enter. Consequently where these very
accurate numbers occur nine-figure logarithms have been used. As the wave-lengths
are given in LA. the calculations have been made on that basis. The limit
31851'1300 R = 31852°1816 I.. N = 1096786. Put A, = 26770+z, therefore
d = 14'4703+'054x where at present x lies between +2. It should be noted that in
the d sequences, the satellite displacements are not in general multiples of 4, but of
3, =%5. The correct value of a wave-length will be taken as the observer’s value
—'001 xp, so that dn = +.... ‘
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Amongst the sets of F series given (p. 452) two, in addition to F (1) itself have been
measured to the required degree of accuracy. They are those showing separatlons of
85 and 265. Under these conditions

Mantissa of 318521816+ ¢ = 855630°30—29°130¢

Wave-numbers of 5852°4870 = 17082°0220—"0029p, ‘
854080 — 0029 (p,—p.)

5881'8958 = 16996'6140—0029p,
2653518 — 0029 (p, —D,)

5944'8344 = 16816'6702—"0029p,

(1) Separation = 85'41.—This is the same within error limits as occurs in the D series,
but the corresponding F series shows » increasing to 8757 W or 87°41 B at m = 5,
which means additional displacements either in F (o) or the sequences. As the 85
agrees in both the F (1) and D series this will not happen in the F (), and the
separation 85°41 will be due only to the actual separation in 81851. The limit of the
F series in question is therefore 31852°4170—85'4080 = 31765°8336 + &

Tts mantissa = 858188'15—"085 ( p,—p,)—29'247¢

Difference from F, = 2492'85...

Now
9A,+ 5% 0 = 2492'504+ 9311, x < 2

Hence
9'3112 = '85—"085 (p,—ps)—'117¢

x = "088—"009 ( p1—p,)—"0126¢

The important point to notice is that with our preliminary limit of uncertainty
(x <2), the oun multiple cannot be any other than that used, so that the second
approximation is quite definite. It has already been seen in the discussion of the
F, series that ¢ is probably within +'33 also p,—p, will not numerically be greater
~ than 4. Hence x = '038+£036+£0042 = 038+ 04

A, = 2677381704
d = 14470540009

(2) Separation = 265°8518.—Limit = 315868298 + £+'0029 (p,—p,)

Mantissa = 86340831 —"085 (p,—p;) —29°498¢

Difference from F, = 7778'01—085 (p,—p;) —'368¢

Now
290, +3 = 777777 +29°05x

therefore
29'052 = '23—"085 (p,—p,)—'368¢

x = '008—"0029 (p,—p;)—'0126& = "008+"016
Ay = 2677084016
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In comparing these values it must be remembered that £ and p, enter in both.
Equating the two, ¢ disappears and

‘030 —"006p, + 009p,— "003p; = 0
This is easily satisfied by possible observation errors—e.g., p, = —p, = p; = 1’4 say,
A, = 267713 —"0126£+ 01

(3) Warsons Separations.—When the strong lines giving these separations are
taken, the exactness of the equality of the separations obtained from them is most
remarkable. Using the interferentially measured lines by Priest, MEISSNER, and
MeaeERs, with 9-figure logarithms the following values are found in LA. for the
means

1429°4292 8 ‘0065 ‘0048
417°4533 7 ‘0120 ‘0064
10707075 1

The last enters as a component of 1429, viz., 1429 = 1070+ 359.

The second column gives the number of the observations used, the third the
maximum deviation of a single observation from the mean, and the last the root mean
square of all the deviations. Using these the mantissee of the following numbers
have to be found with £+ dv added—

31852°1816 1429°4290 33281°6106 417453 33700°0636, 1070075 32922'2530

They are

855630°30—29"130¢
4 4028652 —1'857¢+27dy,

81534378 —27°273 (&+dv,)
1127899 — 505 £+ 27dlv,

804064°79—26"768 (&+dv, +dv,)

825224'838 —27°721 (£+ dv,) 998055 — 448£—27 (dv;—dn,)

In this particular case, F, = 17082, and F,+1429 have both been observed
interferentially and the separation is 17082°0240—18511'4499 = 1429'4259, or
dv, = —0031. The 417 separation is altered by some displacement to 422°52+°17
and is therefore not directly applicable. The calculations have been carried out on the
basis of the values obtained on the averages. It must be remembered, however, that
when displacements enter in a sequent they frequently occur on values of the sequent
which have already received a small displacement, in which case the separations
themselves receive small changes. Too much weight must therefore not be given to
the 417 case here, in which its actual value for the particular set is not obtainable.
The dv,, however, is certainly very small.
VOL. CCXX.—A. 3 R
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The discussion of the two F separations has given A, = 267718—"0126¢£+ 01,
= 14'4710—"00068£+0005. Let = denote the correction required on this value

of A, Then
36A,+16%5 = 9880°057 —'4653£+36"90x

42A,+249 = 11280°123 —"5306¢+ 4213z
150A,+ 98 = 40287'19—1'896£+ 15048z

Supposing that the true multiples of the oun are y greater, and putting
dv, = —"0031 +dy, : _ .
36°902—"017¢ +27 (dvs—dy ) —'40+ 862y, = 0

42132 —"025¢—27dy,+1'18+3'62y, = 0
150°48%—"040£—27dw + 75 +362y, = 0

or
x = .010+.00046£_ .73dl/3—.097y3

@ = —"027 + 00057 £+ 64dy,— 086y,
= —'0050+ 00026+ 18y, — 024y,

In these ¢ cannot be more than a few units, dv <02 and x <'01. " This can only

happen if all the y = 0. Thus again there is the very important fact that the oun
multiples are quite definite and are those used in the actual calculations. ¢ is not large
enough to affect the limits of accuracy in @ The separation 1070 is not so well
determined as the others and dv; may well be >'01. Thus the first and third can
easily give the same values of x, but the second would require dv, of the order ‘03,
inadmissible if the », were accurately determined. But as a fact the average v, as we
have seen does not enter in the line here considered and it may be so large as to alter
the multiple. The second may therefore be considered as not at disposal, and the

third then gives very close limits, viz., with dvy, 301
A, = 267708—"0124£+"002
§ = 14°4708— 0007 £+ 0001

the same value, though with closer limits of accuracy, as was obtained from the 265
separation. With maximum ¢ = "38, d = 144708+ 0003.

But further, in addition to WaATsoN’s separations, we have found affixed to the
F series, another =—1932, and this must be tested. The linked line is given by
BM.M. as 6598'953 LA. Still using 9-figure logarithims, the wave-number is
151497338 giving the separation 19322902, and corresponding to a limit 318521816
—19322902 =29919'8914+¢—dy. The mantissa of this is 91461317 —31°997 (£—d).
The displacement on 31852 is therefore 58982'87—2'867£+32dv. With the above
values of A,, 8, 2204,+ 60 = 5898258 —2728¢+44. This again is an exact agreement.

The foregoing does not give A, with the desired definiteness unless the value of ¢ is
determined. The reason is that it has been based on displacements on the same limit.



DR. W. M. HICKS: A CRITICAL STUDY OF SPECTRAIL SERIES. 465

An independent datum is necessary to fix the value of & which at present we know
cannot be greater than a few units. In the other gases this is obtainable by the
conditions that the mantissa of f(1) is a multiple of A, and that of F () of 4. The
value of F (1)is known with great exactness, probably to within less than "001A.
Priest gives A = 58524862, MrissNeEr ‘4875, BM.M. '488. They all agree within
001 of '487 so that the wave-number of F (1) is 17082:0242+0029p with p within
+1. But here we have to answer the question whether our first F line 17082 is
really the first of the series. If this F series—a very marked and definite one—
belongs to the 1864XF type it has its first line for m = 1 in the ultra-red (calculated
n =—8168'62\ = 12242) and far beyond the reach of any sounders. This un-
certainty will therefore have to be kept in mind. The mantissa of 17082 must in any
case be a multiple of &, and may be of A, (if it is the first F line). In addition the
D set 20551 may belong to that D satellite set with M (A,), or since the » separation
is modified, differ from a multiple of A, by a few ouns only. We have then

Mantissa F (o) = 855630'30—29°130¢ = M (3,) and possibly M-(A,)
. (1) =172501236—92'257¢—"2675p = M(J,) and possibly M (A,).

The term in p will not affect our immediate purpose and may be omitted. There is
evidence for ¢< '33. Also A, = 267708—0124¢£+2 with < '002. We find

2708A, = 724953°26 —33"58£+ 2708, 2708x <54

3196A, = 85559477 —39°63£+ 3196, 3196x <64
Hence v
Mantissa of F () = 8196A,+855+10'56—3196x

’ J = 2708A,+59'10—58'68£—2708x.

A first definite result is that 20551 is not a D line of the M (A,) type. Its mantissa
must differ from such by at least 7 or 8 ouns. The coefficient of ¢ is so large that
the actual oun multiple cannot be uniquely decided. Further f cannot follow the A,
multiple law unless £ be of the order 1, or three times our estimated limit of variation.
We cannot say that it is impossible. If however this F line is the first of the series
then ¢ must be of this magnitude. It is seen that no further definite and certain
information can be obtained. It will however be of some interest to follow out the
assumption that its mantissa is a M (4,). In this case put £ = 1+¢ where now ¢£is

small, and .
42— 27082 — 58'68¢—'2675p = 0

The uncertainties in ¢ are now "42+5'4—59£+26 = 0, or £ < 'L,
A, = 267°6957 —'0124¢+x.

In conclusion some reference is necessary to the series due to Rossi* These
* Loc. cit.

3R 2
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consist of two doublet series each with separation of order 167 and a third singlet
series. The two sets of doublet series appear to converge to the same limits, in the
same way as the satellites of'a D series. The first lines given by him are of the order
m = 3, but amongst the B.M.M. as also the MurssNER lines those for m = 2 are also
seen. Further, there appear close strong companions to the second lines of doublets in
the first series, and in this they recall the behaviour of the F lines in the alkaline
earths®™ and so suggest that they are really lines of the F type, but belonging to a
different f sequence from that discussed above. If so the limit must behave as a
displaced value from the 31852. The sets are, in ROWLAND units :—
1.

16544 (8) 1193292

173
29 f (4) 11767748 16717 (0) 465
107'63
T (2) 1187511 16829 (4) 1204340
(8) 1734268
106
3~ T (5) 17176'58 16716 (1) 374
4639
T (5) 1722297 16821 (5) 17391°18
1 (6) 19677°64 16658  (6) 1984422
4{ 2392 '
T (4) 19701°56 16786  (5) 1986942
‘04 (5) 2103394 16687  (5) 2120081
5{ 1408
—02 (4) 2104802 16759 (3) 2121561
‘04 (2) 2185062 167°08 (3) 22017770
(5{ 1017
—25 (1) 2186079 169'63 (4) 2203042
‘06 (3) 2238018 16718 (2) 2254736
7{ 991
—01 (0) 2238629
8 ‘07 (0) 2274278 16731 (0) 22910709
9 20  [23168—167] 23168 (L.D.)

* [IIL, p. 383, seq.]
7 Lines used in calculating formulze.
{ This line was not included by Rosst.
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The formula calculated from the first three lines of each series give

n = 24104'67 —N/{m+ 973110 +°016932/m}*
n = 24104'48 —N/{m+ 987215+ 014948/m}*

The O—C values for these are given in the above list before the wave-numbers.
They are larger than we should expect the observation errors to be. If, however, the
limit be reduced by ‘40 and p, a calculated from the first two, the O—C for m = 4
is —'04 and zero for all the others, m = 5...8.- For m = 9, using L.D. 28168 +3—167
as the observed for the first of the pair the O—C is 2. The agreement for all is
therefore exceedingly close except for m = 4. The calculated wave-number for this is
1967750 which makes the separation 16672 and more in step with the others. The
uncertainty in the limit 24104'67 must therefore be very small.

The doublet separations show a tendency to converge with increasing order, but this
is clearly due to the fact that the constant separation must be taken between the
strong first line and the weak second. After m = 3 the weak is not seen and the
observed separation is not the true one but that between the first and the second
strong one. The separation in the second series is somewhat larger than in the first,
that for the first being 167°17 and for the second 168'25+04 (mean for m = 2, 3).
These require limit mantissee changes of 7354 in the first where 30833 = 7354°1, and
of 47°79+176 extra for the other where 80 = 46'41. The separation 1'73 between
the four satellites in the first doublet must be due to displacement in the sequent. It
requires a mantissa change of 209 and 1444 = 209°8.

These considerations point strongly to the conclusion that the series are of the
F type. Fortunately, owing to the fact that the first line of the first series has been
very accurately measured by B.M.M., as X\ = 8495380 L. A., it is possible to test if the
mantissa of £(2)is M (4,). Taking the observation error as —'001p, the wave-number
is 11767°868040014p. Its mantissa with limit 24105°0731+¢ (the I measure of .
42700 R.) is | |

981622°48—120°87£+"17p = 3667 {267°6910—"03296£+00005p} = 36674,

within the uncertainty of £

The first line of the second series has not been measured so exactly. Its
A = 8418'38—'02p; m = 1187550+028p; mantissa = 13092—1'56£+3'52p larger
than the other. Now 49A,—74, = 13091'8. Hence if the two limits are the same
24104°89 (v.e., put ¢ = —°19), the mantissa is larger by 49A,—70,+51+3'42p. It is
satisfied by p =—'14 or dA = '002. But it is possible that these F are due to
independent groups, ¢.c., that the sequence of the second series also depends
on a whole multiple of A, This cannot happen unless the two limits are
different, which in fact seems to be the general rule. If the limit is displaced
by %8, £ is 3'617yf44'25 = "082y, and the mantissa difference from 494, is now

3R 3
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—78,+'51+1004y+3'42p = 0 or y = 2'4—"34p. In other words y = 2, p = 1. This
makes the limit of the second series less than that of the first by ‘17, in agreement
with the relative values as actually found by direct calculation from the observed
lines. ~ Although therefore the limits suggest equality, there is good evidence that the
observed difference, though small, is real, and is due to a displacement of two ouns.
The sequence depends on an origin of 3667 +49 = 3716A,.

Rosst’s third series is (6) 2878808, (2) 34087°11, (1) 8653662, (1) 37869°0, the last
being observed by himself. The first three give

n = 4089673 —N/{m+ 024118 —'043614/m}*

with O—C = —"36 for the last, probably excessive. The first line is the line adopted
as one of the S, (2) group above, the third is F (4). I feel some doubt, therefore, as
to these forming a real series, although the sequence has all the appearance of the
s (m) type for these gases. The limit does not seem to have any relation to the
doublet set. Its denominator is about 1°63.

TABLE of Constants.

Ne. A. Kr. X. RaEm.
" 49-24 17950 78645 1777-90 53707
v 19-71 7560 { 509 81505 2649°53
M 666 2519 10969 24893 72820
A 267708 1057057 { PR 10998 14 32166 44
5 1447013 579209 249536 611-0100 1787024
3 46 40§ 44 40§ 10§
Agf8 18} 18} { }gg } 18 18
¢ 1915 71971 318334 7314-1 236784
u 10678 9 439-47 188403 4133-18 111918
v 10686 1 142-67 194244 442800 136800
S () RV } 51731-05 51651-29 51025-29 5040300
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EXPLANATION OF DIAGRAM.

(1) A dot represents a Wave-number a large dot the wave-numbers being sounded for,

(2) A dot to the side of a line denotes a displaced line.

(3) A circle round a dot denotes that it is in an unobserved region.

(4) A x denotes that the wave-number has not been seen.

(5) The e links are represented by vertical lines, the u by lines at 45 degrees above the horizontal, the » by
lines at 45 degrees below the horizontal.

(6) The ¢ link is to be subtracted when drawn down and added when drawn up. The u, v links are to he
subtracted when drawn to the left and added when drawn to the right.

E.g., X8y (3) is seen ; also the lines linked to it by —e¢, —e—u, —e+u, —e+v; that linked by — 2¢is not seen,
but by —2e+u is.

X85 (3) is out of the observed region, but the lines linked to it by —¢, —e¢~wu, — 2¢ are in the observed region
and have been seen.

AS contains several examples of displaced lines.
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